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ABSTRACT
In the 1930’s L. Redei and H. Reichardt established methods for determining 
the 4-rank of the narrow ideal class group of a quadratic number field, Q(Z)1/2). 
One of these methods involves determining the number of Z)-splittings of the 
discriminant, D,  of the number field. Later, this method was revised so that we 
need only find the rank of a matrix over F 2. In some cases, these Redei matrices 
can be viewed as adjacency matrices of graphs or digraphs.
In Chapter I we introduce the graphs and matrices mentioned above, the 
method for finding 4-ranks, and present some preliminary results on the number 
of solutions of a X n +  bYn =  1 over some finite fields. In Chapter II we use 
the graphs and matrices to study the 4-rank of the ideal class group of Q(Z)1/2) 
where D  has exactly two prime divisors congruent to 3 modulo 4. In Chapter III, 
we use graphs to determine the number of solutions of a X n +  bYn =  1 over the 
finite field Z/pZ up to congruences modulo 2.
v
CHAPTER I. INTRODUCTION
In this dissertation we obtain results about two different classical problems 
in Number Theory by methods involving graphs in both cases. The two problems 
concern
i) the structure of ideal class groups of quadratic number fields, and
ii) the number of solutions of Diophantine equations over finite fields.
1. Ideal Class Groups of Quadratic Number Fields
The search for a proof to Fermat’s Last Theorem has led us to many unan­
swered questions. One of the difficulties which arose in an early attempt to 
prove this theorem is the fact that one cannot guarantee unique prime element 
decomposition in the ring of integers of an algebraic number field. This led to 
the study of ideals in a ring. Although we do not necessarily have unique prime 
element decomposition in a ring of integers, R. Dedekind proved that in the ring 
of integers of an algebraic number field any ideal can be factored uniquely as 
a product of prime ideals. This was also proved by D. Hilbert [Hi]. Since we 
know that we have unique prime ideal decomposition, it is natural to wonder 
how far we are from having unique prime element decomposition. In an effort 
to determine this, we turn our attention to the set of fractional ideals of a ring 
of integers.
Since we have unique prime ideal decomposition we know that the set of 
non-zero fractional ideals is a group. Now in order for us to have unique prime 
element decomposition, it is necessary and sufficient for the ring of integers to
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be a principal ideal domain (PID). Thus we wish to measure how far the ring 
of integers of an algebraic number field is from being a PID. Given an algebraic 
number field, K ,  and its ring of integers, o k , we define the ideal class group, 
C(K) ,  as follows. Let J  be the group of non-zero fractional o^-ideals and let H  
be the subgroup of non-zero principal fractional o^-ideals. Then C ( K ) =  J / H.  
If C ( K )  is trivial, then ok  is a PID. Hence the size of C ( K )  might be considered 
a measure of how far ok is from being a PID. For any number field K  we know 
that C ( K )  is a finite abelian group. Although it is hard to determine the size and 
structure of C ( K ) in general, a great deal of work has been done to determine 
the structure of C ( K )  where i f  is a quadratic number field. The remainder of 
this section deals with methods for determining the structure of the 2-Sylow 
subgroup of the ideal class group of quadratic number fields and the graphs and 
matrices used in these methods.
Let E  =  Q (D 1/2) be a quadratic number field with discriminant D.  The 
ideal class group C(E)  of A is a finite abelian group, hence a product of cyclic 
groups of prime power order. The 2-rank of C(E),  denoted by ^ (D ) , is the 
number of cyclic factors of order divisible by 2 and the 4 -rank of C(E) ,  denoted 
r±{D),  is the number of cyclic factors of order divisible by 4. For example, the 
2-rank and the 4-rank of C2 x C2 X Cg are 3 and 1, respectively.
Let t be the number of distinct prime factors of the discriminant D.  It is 
a result of Gauss that V2 (D)  is given by t — 2 if E  is real quadratic and — 1 
is not a norm from E,  and t — 1 otherwise [Gl]. Now —1 is a norm from a
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real quadratic number field if and only if no prime congruent to 3 modulo 4 
divides the discriminant D.  Thus we have a complete characterization of r^iD)  
for quadratic number fields Q (D 1/2) in terms of the numbers of divisors of the 
discriminants.
Now we turn our attention to the 4-rank of C(E).  The results we will 
introduce next are actually results on the 4-rank of the narrow ideal class group 
of E,  denoted here by Cjr {E).  The narrow ideal class group of an algebraic 
number field is defined to be the group of non-zero fractional ideals of oe modulo 
the group of non-zero principal fractional ideals of oe which are generated by 
some totally positive element. We know that C+ (E) is also a finite abelian group. 
In fact, if h(E)  =  \C(E)\  and h+(E) =  |C+(J7)|, then either h(E) =  h+(E)  or 
2h(E) =  h+(E)  [CHI].
The 2-rank and the 4-rank of the narrow ideal class group C+ (E)  are defined 
as above in terms of the number of cyclic factors of C+(E)  of order divisible by 
2 and 4, respectively. The 2-rank and 4-rank of C+{E)  will be denoted r%(D)  
and (D),  respectively.
Gauss proved that r £ ( D ) =  t — 1 for all quadratic number fields Q ( D 1/2) 
[G]. In the early 1930’s Redei and Reichardt proved several results about the 
4-rank of narrow ideal class groups. Some of these results appear in [RR], [Rl], 
[R2], [R3], and [Re]. One of the earliest results related r f ( D )  to the number of 
D-splittings of the second type [RR], This approach was later refined by Redei 
into a condition on the rank of a matrix over F 2 [Rl].
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Before we present the theorem, we recall a property of the discriminant D.  
Suppose the distinct prime divisors of D  are p \ , p i , . . . ,  Pt where by convention 
we take pt =  2 if D  is even. Then there is a unique decomposition, D  =  n != i dii 
of the quadratic discriminant, D,  into prime power discriminants. That is, if pi 
is an odd divisor of D  then dz =  pi or —pi, whichever is 1 modulo 4, and dt =  —4 
or ± 8  if D  is even.
T h eorem  1.1 (R ed ei-R eich ard t). Let D  =  n != i be the decomposition of 
a quadratic discriminant, D , into prime power discriminants. Then the 4-rank 
of the narrow ideal class group C^.(Q(D1̂ 2)) i s t  — 1 — rank^2R d , where R d  is 
the t x t m atrix  ( )  over F 2 defined by
(~ i r “ = ( 5 )
aj j = a ij- 
i^j
Here we set ( J7) =  ( | )  =  (—1 ) ^  in case dj is even.
Note that the matrix R p  has zero column sums and so 0 <  rankr2R£) <  
t. We could also state this theorem in terms of the co-rank of R d , namely 
(D) — co-rank R d  — 1. In the remainder of this dissertation we will assume 
all matrices are over the field F 2.
E xam p le  1.2. Consider the quadratic number field Q (\/l5 ) . Now 15 =  3 
(mod 4), so the discriminant, D, in this case is 4 • 15 =  60. Thus decomposing 
D  into prime power discriminants we get D  =  (—3)(5)(—4); that is, d\ =  —3, 
g?2 =  5, and d-$ — —4. Note that t =  3. Now (-=2) =  (n^-)(§) — —1 so a i2 =  1
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and (5jf) =  (~^) =  (—I ) -1  =  —1 so 013 —- 1. Thus an  =  1 +  1 =  0. Similarly
we find a21 =  1, a23 =  1, a22 =  0, a3i =  1, a32 =  0, and a33 =  1. Thus
/ 0  1 1
RD =  I 1 0 1
\ 1  0 1
and so (60) =  3 — 1 — 2 =  0.
In this dissertation we will consider matrices which are slightly different 
from R d . For a given quadratic discriminant D  with prime divisors p i , p2, . . . ,  p t , 
define a matrix M d  =  (6^) over F 2 by
<“ 1)i,' =  ©  a i * s
bjj  =  ^ 2  b j
where (^-) is taken to be equal to (^-). This matrix M d  will be referred to as 
the R ed ei m atrix  related to D  or just a Redei matrix. Note that M q  also has 
zero column sums.
Consider only those positive quadratic discriminants, D,  which have no  
prim e d iv isors congruent to  3 m od u lo  4. Then di =  pi for all odd prime 
divisors of D  and dt =  8 if pt =  2. Hence the two matrices R d  and M d  are the 
same. Also note that quadratic reciprocity implies that M d  is symmetric in this 
case. Since M d is symmetric, we may view this matrix as a modified adjacency 
matrix of a graph.
Define a graph F d  =  (V , E) by taking the vertices to be the prime divisors 
of D  and the edges to be the unordered pairs, {pi ,pj } ,  of these vertices satisfying 
(fr)  =  (JjO =  - 1- That is, V  =  {p i , p2>. . . , p t } and {pi ,Pj}  €  E  iff ( j j )  =
—1. This is a well defined graph since ( jji.) =  ( ^ ) for all j>i ^  pj.  The matrix M jj 
is the adjacency matrix of the graph Td  with the diagonal elements adjusted so 
that the column sums of M d  are zero.
E xam p le  1 .3 . Take the real quadratic number field Q (\/65). Now D  =  65 =  
5(13). To determine M d  and T# we only need to know (f^).  Since ( ^ )  =  
(t£) =  ( | )  =  —1, we have M d  =  (} }) and To =  K 2 , the complete graph on 
two vertices.
Using Dirichlet’s theorem on primes in arithmetic progressions, we can show 
that any graph, T, on t vertices without loops or multiple edges can be realized 
as To for an infinite number of discriminants, D , with t  prime divisors. This 
is true since the Legendre symbols (jjf) are completely determined by congru­
ence relations. Thus when we consider a graph, T, with t vertices, we have an 
associated t x t  Redei matrix, M,  which is symmetric and has zero column sums.
E xam p le  1.4. Consider the graph pictured below.
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In order to realize this graph as To for some D  we must label the vertices with 
primes congruent to 1 modulo 4 having the appropriate Legendre symbols. First, 
we can choose a to be any prime congruent to 1 modulo 4, say a =  5. Then 
we must choose 6 = 1  (mod 4) prime such that ( | )  =  —1; that is, b must 
also be congruent to ± 2  modulo 5. We can solve these congruences with an 
infinite number of primes, for example 6 =  13. Now we must find a prime c =  1
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(mod 4) such that (**) =  —1 and ( | )  =  +1. That is, c must satisfy the following 
system of congruences.
c =  1 (mod 4)
c =  ±2  (mod 5)
c =  ± l ,± 3 ,± 4  (mod 13)
Note that we can take c =  17. Continuing, we must find a prime d satisfying
the following system of congruences.
d =  1 (mod 4)
d =  ± 2  (mod 5)
d =  ±1 , ±3 , ± 4  (mod 13)
d =  ± 1 ,± 2 ,± 4 ,± 8  (mod 17)
Now we can take d =  53 and so we have D  =  5(13)(17)(53). Hence the above 
graph is 1̂ 58565 ■ The associated Redei matrix, M , is
f 1 1 1 X\
1 1 0 o I
I 1 0 1 O '
\ 1 0 0 1/
For these D  for which Tb  exists, the Redei-Reichardt theorem can be refor­
mulated into a graph theoretic criterion for the 4-rank of C+(Q(.D1//2)). Before 
presenting the theorem, we state a definition.
D efin ition: An Eulerian vertex decomposition (EVD) of a graph, T, with vertex 
set V  is an unordered pair {Vi, V2} such that V  =  Fi U V2, V\ fl V2 =  0, and 
every vertex in V  is adjacent to an even number of vertices in the subset Vi or 
V2 to which it does not belong.
This is called an Eulerian vertex decomposition since the subgraph of T 
consisting of all edges between V\ and V2 is an Eulerian graph. Every graph has 
at least one EVD, namely {0, V }. This is referred to as the trivial EVD.
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T h eorem  1.5. Let D  be a positive discriminant having no prime divisors con­
gruent to 3 modulo 4. Let T p be the associated graph. Then the number of 
Eulerian vertex decompositions ofTjy is 2r^ DK
For this reformulation of the Redei-Reichardt theorem, see [L].
From now on, we will deal only with real quadratic num ber fields. Now
we consider positive discriminants, JD, with no prime divisor congruent to 3
modulo 4. Again we let t  denote the number of prime divisors of D. We then
have the following equivalent conditions, see [H2].
r f  (D) =  c <£>
Tp has 2C EVD’s ^
rankp2 M d =  t —  1 —  c .
These three equivalent conditions will all be referred to as p roperty  Pc. What 
can be said about the fields E  with property Pc for a given integer c >  0?
The following classical result, stated here in terms of graphs, can be traced 
back to Redei, [Rl], compare also [SI] and [HI].
T h eorem  1.6. Consider real quadratic number fields E  =  Q (D 1/ 2) whose dis­
criminants D  have no prime divisors congruent to 3 modulo 4. Associate to 
each E  the graph r £>. Then, in the set of all such graphs, the graphs which 
correspond to fields E  with
r f ( D )  = 0  have a density of about 0.4194,
r^(D)  = 1  have a density of about 0.4194,
t± \d ) — 2 have a density of about 0.1398,
r^ (D ) = 3  have a density of about 0.0200.
In particular, the density of the set of graphs Td with property Pc decreases
rapidly as c increases.
In Chapter II we will be able to extend the above theory to real quadratic 
number fields E  =  Q(Z)1/ 2) with odd discriminants, D , with ex a ctly  tw o  
prim e divisors congruent to  3 m od ulo  4. The graphs T p  we will use in 
this case will have exactly one directed edge. We will also be able to find densities
for graphs with an analogous property Pc in this set of graphs. Our main result
of Chapter II can be announced as follows, see Theorem 2.15 of Chapter II.
T h eorem  1.7. Consider real quadratic number fields E  =  Q(Z)1/2) whose dis­
criminants D  are odd and have exactly two prime divisors congruent to 3 modulo 
4. Associate to the fields, E , graphs Td (with exactly one directed edge). Then, 
in the set of all such graphs, the graphs which correspond to fields E  with
r±(D)  =  0 have a density of about 0.6291,
r±(D)  = 1  have a density of about 0.3146,
r4(£)) = 2  have a density o f about 0.0524,
r±(D)  = 3  have a density of about 0.0037.
Again, for c large, the set of graphs with property Pc has a very small 
density.
2. Number of Solutions of a X n +  bYn =  1 over Finite Fields
Let us look first at the Fermat equations X n +  Y n =  1 for n =  2 and n =  3 
over finite fields F p, p  being prime. It is a standard exercise to determine, in 
terms of Legendre symbols, that the number of solutions (X , Y )  to X 2 +  Y 2 =  1 
over F p is
p — 1 if p  =  1 (mod 4) and
p +  1 if p =  3 (mod 4).
For primes p =  2 (mod 3) it is also straightforward to determine that the 
number of solutions ( X , Y )  to X 3 + F 3 =  1 over F p is p, since in this case every
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element of F p is a cube. However, for primes p =  1 (mod 3), it is a beautiful 
theorem due to Gauss, [Gl], that the number of solutions to X 3 +  Y 3 =  1 over 
F p is p — 2 +  A,  where A is uniquely determined by expressing 4p for p =  1 
(mod 3) in the form 4p =  A2 +  27B 2 with A, B  G Z, A =  1 (mod 3).
In general, the exact number of solutions to Fermat equations X n +  Y n =  1 
over finite fields can be described in terms of Jacobi sums, see e.g. [IR]. One 
is then left with the task of evaluating these sums. For more information on 
previous results using Jacobi sums to find the number of solutions of Diophantine 
equations over finite fields, see e.g. [A], [D], [G2], [Ho], [W], and [Y].
Given a natural number n, Chapter III of this dissertation is dedicated to a 
different approach for finding the parity of the number of solutions to equations 
a X n +  bYn =  1 over all fin ite  fields F p where p =  1 (mod 2n) is prime. 
The idea is to come up with a finite fist of graphs on n vertices that contain 
information about the parity of the number of solutions for all primes p =  1 
(mod 2n).
Let p  be any prime congruent to 1 modulo n. We have arranged for p  — 1 
to be a multiple of n. Thus the multiplicative group (Z/pZ)* contains all n — 
roots of unity (see [HW]). Let U\,U2 , . . .  , un be these n — roots of unity. Suppose 
c =  xn is an n — power in the multiplicative group (Z/pZ)*. Then (Uix)n — c 
for all i and UiX /  ujx  if i ^  j .  Thus we have exactly n elements of (Z/pZ)* 
whose n — powers are c. We will use this fact to simplify the question of how 
many solutions there are to the equation a X n +  bYn =  1.
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Let a and b be arbitrary elements of F p where p =  1 (mod n). We then 
consider the equation a X n +  bYn =  1 over F p. In the cases a =  0 or b =  0, it is 
easy to find the number of solutions to this equation. Thus it is enough for us 
to determine the number of solutions to this equation when neither a nor b is 0 ; 
that is a, b £  (Z/pZ)*. In order to simplify the problem, we will work with the 
n — power residues of the multiplicative group (Z/pZ)*.
D efin ition: Let n be any natural number and let p be a prime. Then the set 
of n — power residues of the multiplicative group (Z/pZ)* is
S  =  S(p,n) =  {d £  (Z/pZ)* : d — cn for some c £  (Z /pZ )*}.
We notice that for every solution (x n, y n) £ S  x S  of the equation a X n +  
bYn =  1, we will have n2 solutions (x , y ) £  (Z/pZ)* x (Z/pZ)*. So, as soon as 
one has determined the number of solutions ( X n, Y n) £ S  x S  to a X n +  bYn =  1, 
it is straightforward to find the number of all solutions ( X , Y )  over F p.
In Chapter III, we will relate equations a X n +  bYn =  1 over F p, with p =  1 
(mod 2n), to graphs on n vertices given by the n  cosets of S  in (Z/pZ)*. We 
will be able to use these graphs and their associated Redei matrices to determine 
the parity of the number of solutions ( X n, Y n) £ S  x S  to a X n +  bYn =  1 for 
given small values of n, for a ll prim es congruent to 1 modulo 2n. This can be 
done very often just by inspection.
For example, for n =  2, 3, 5, or 7, the main results are that the parity of the 
number of solutions of a X n +  bYn =  1 over Fp for all primes p =  1 (mod 2n)
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can be read off from a list of only tw o  graphs, each on n vertices. See Theorems 
1.9, 2.2, 2.5, and 2.19 of Chapter III.
We will have results on analogous lists of such graphs for n <  13. By way of 
a large number of explicit examples we can show in several cases that our lists 
are minimal. Many of the results, for n >  9, we would not have been able to 
produce without the help of computers.
CHAPTER II. 4-RANKS OF IDEAL CLASS GROUPS
1. Preliminary Results
Let E = Q (D 1/ 2) be a real quadratic number field with discriminant D.  We
know that the ideal class group of E, C(E) ,  is a finite abelian group. In the 
following, we will study the structure of the 2-Sylow subgroup, C(E)[2],  of C(E).  
D efin ition: Suppose C f 1 x C%£ x ••• x C“fcfc is the decomposition of C(E)[2] 
into cyclic factors. The sum of the values a* is called the 2-rank of C(E) .  The 
sum of the values a; with i >  2 is called the f-rank of C(E).  We will denote the 
2-rank of C(E)  by ^ (D )  and the 4-rank of C(E)  by r^(D).
Let t  be the number of distinct prime factors of D.  It is a result of Gauss 
that T2 {D)  is t  — 1 if —1 is a norm from E  and 7*2(D)  is i — 2 if —1 is not a norm 
from E  (see [CH]). That is, we have
Now consider the narrow ideal class group C+ ( E ); that is, the group of non­
zero fractional o^-ideals modulo the group of non-zero principal fractional ideals 
which are generated by some totally positive element. We know that C+(E)  is
and r £ ( D)  denote the 4-rank of C+(E).  If h(E)  =  \C( E) \ and h+ (E)  =  |C'+(E)|, 
then either h(E) =  h +( E) or 2h(E) =  h+ (E)  [CHI],
where D  is a product of odd primes, ex a ctly  tw o o f  w hich  are congruent  
to  3 m od u lo  4. By convention, we will write D  =  P1P2 ■ ■ - pt where p\ <  P2
t — 1 if D  has no prime factors =  3 (mod 4) 
t — 2 if D  has a prime factor =  3 (mod 4).
also a finite abelian group. As before, we let r £(D)  denote the 2-rank of C+ (E)
In the following we will consider real quadratic number fields, E  =  Q (D 1/2),
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are congruent to 3 modulo 4 and p$ <  p± <  ■ • • <  pt  are congruent to 1 modulo 
4. In this case we have 7*2 (D) =  t — 2. Gauss proved that r£ (D)  is t  — 1 for any 
discriminant, D,  of a real quadratic number field [G]. Thus we can derive the 
following relation between r ^ D )  and r f ( D )  in our case.
P ro p o sitio n  1.1. Let E  =  Q(Z)1/2) be a real quadratic number Geld with 
discriminant D  such that there exists a prime congruent to 3 modulo 4 which 
divides D . Then r${D) =  r f ( D ) .
Proof: There is a natural surjection of <?+ (E)  onto C(E)  since the group of 
non-zero principal fractional ideals generated by totally positive elements is a 
subgroup of the group of non-zero principal fractional ideals. (Recall the defi­
nitions of C(E)  and C+(E). )  This implies that for any prime, p,  and natural 
number, k, the number of cyclic factors of C(E)  whose order divides pk must be 
less than or equal to the number of cyclic factors of C+(E)  whose order divides 
p k. Take p =  2 and k =  2. Then we know that r$(D)  <  r f  (D).  Since D  has 
a prime divisor congruent to 3 modulo 4, we know that ^(-D) =  t — 2 while 
^ { D )  =  t  — 1. This implies that h+(E) >  2h(E).  But then we must have 
h+ (E) =  2h(E).  Hence the extra cyclic 2-factor in C+(E)  must be the cyclic 
group C2 and we must have r$(D)  =  r^(D).  g
We now restate the result of Redei and Reichardt given in Chapter I in terms 
of the 4-rank of the ideal class group C(E)  for our special class of discriminants, 
D , with exactly two prime divisors congruent to 3 modulo 4 [RR].
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T h eo rem  1.2 (R ed ei-R eich ard t). Let E  =  Q(Z)1/2) be a real quadratic 
number Geld with discriminant D  such that exactly two primes congruent to 3 
modulo 4 divide D. Then the 4-rank of the ideal class group C ( Q ( D 1//2)) is 
r±(D)  =  t — 1 — rankp2RD, where R d  is the t x t
( - ! ) -  =  ( | )  i f , / ,
aj j  ~  5 3  aij •
Here we set =  ( f ) =  (—l ) 5̂  in case dj is even.
Thus we can determine r^(D)  in terms of the rank over F 2 of R d - We will 
actually consider the related matrix, M d  =  (by), defined as in Chapter I.
(-!)*“-(g )  «i+J
bjj ~  ^  '
In our case, we let pi and P2 be the two primes congruent to 3 modulo 4. 
Recall from Chapter I that the prime power discriminants di are equal to the 
prime divisors pi if pi is congruent to 1 modulo 4. Thus in our case di =  pi for 
all i >  3. Also we know that d\ =  —pi  and d2 =  —P2 - The next theorem can 
actually be generalized to the case where there are any even number of prime 
divisors of D  congruent to 3 modulo 4. Here we state and prove it for our special 
case.
T h eorem  1.3. Let Q (D 1/ 2) be a real quadratic number Geld with discrimi­
nant D . Suppose D has two prime divisors congruent to 3 modulo 4. Then 
rankp2RD =  rankp2 M d  ■
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Proof: Let R d  =  (a*j) and M d  =  (h j ). As above, we let pi ,P 2 , - - ■ ,Pt be the 
prime divisors of D  and take pi and P2 to be the two primes congruent to 3 
modulo 4. Since di =  pi for all i >  3, we can see that =  bij for all i >  2 and 
j  >  2. Now we know that ( ^ )  =  +1 for all p =  1 (mod 4), so the fact that 
d\ =  — pi and +2 =  ~P2 implies that ciij =  bij if either i or j  is greater than
2. Now ( £ )  =  ( = g )  =  Since (=*) =  - 1  for all p =  3 (mod 4),
this implies that bi2 =  a i2 +  1. Similarly we find that 621 =  a2 i +  1- Now 
h i  =  h i  =  1 an +  !• Thus h i  =  a 11 +  1. Similarly, 622 =  «22 +  1-
Thus we have
= 0}
where I denotes the 2 x 2 matrix with 1 in every position and 0 denotes the 
appropriately sized zero matrices. Let Si be the i — row sum of Md', that is, 
Si — Y ij= 1 h j- If * >  2 , then bij =  bji for all j  by quadratic reciprocity. Thus 
Si =  0 since M d  has zero column sums. Now quadratic reciprocity also tells 
us that 612 =  621 +  1- Thus we have Si =  Y j = i  h j  =  Y j = 1 bji + 1  =  1. 
Similarly, 52 =  1. Adding all the columns of M d  together, we get the vector 
v =  [Si, S2 , ■.., St]T =  [1, 1 , 0 , . . .  ,0]T. Thus v is in the column space of Md-  
Similarly, we can find that v  is in the column space of Rd-  Thus the equation 
relating R d  to M d  tells us that these two matrices have the same column space 
and hence the same rank. ■
E xam p le  1.4. Let E i =  Q (y^73). Then D x =  3 • 7 • 13 =  (—3)(—7)(13). First 
we find R Dl- Note that ( = |)  =  ( ^ ) ( f )  =  +1, ( ^ f ) =  ( q j ) ( ^ )  =  ( 5 ) =  +1,
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( 3 )  = ( ^ )(!) = -1, (tJ) = (*)(&) = (?) = -1, (S )  = (£) = +!>and 
( 5 )  =  (?) =  - 1* Thus
/ 1 0  0 
=  1 1 1 
\ 0  1 1
This matrix has rank 2. Similarly, we can find that
/  0 1 0 
M Dl =  0 0 1
\ 0  1 1
which also has rank 2. Let E2 =  Q (\/l785). Then D 2 =  3 • 7 • 5 • 17 =  
(—3)(—7)(5)(17). In this case,
/ I 0 1 ! \ f ° 1 1 1 \1 0 1 1 I
and M b 2 =
0 1 1 1
R b 2 = 1 1 1 1 1 1 1 1
\ 1 1 1 1 / Vl 1 1 1 /
Both these matrices have rank 2.
C orollary 1.5. Let E  =  Q ( D 1!2) be a real quadratic number Held with discrim­
inant D  such that exactly two primes congruent to 3 modulo 4 divide D . Then 
the 4-rank of the ideal class group C ( Q ( D 1/ 2)) is r4(D)  =  t — 1 — rankp2M D.
We will call M b  the Redei matrix related to E  =  Q (D 1/2), or just the Redei 
matrix related to E.
We may also associate to each real quadratic number field a mixed graph, 
T o, on an ordered set of vertices whose edges { i , j }  and directed edges ( i , j )  are 
defined as follows: { i , j }  is an edge iff =  — b  and (b j )  is a directed
edge iff =  — (p^) =  Note ^ iat  M b  is a modified adjacency matrix
for the mixed graph Tb , where i is adjacent to j  if { i , j }  or ( i , j )  is in Tn-  The 
diagonal elements of M b  are chosen so that the column sums are zero.
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E xam p le  1.6. We will again consider the two fields Ei =  Q (\/273) and E 2 =  
Q (\/1785). We can determine the graph To, for i =  1 or 2 by computing the 
appropriate Legendre symbols or by looking at the matrix M d { ■ We then find 
that this is the graph r d 1 .
73
Similarly, this is the graph Td2 ■
TD2 : 3 7
5
D efin ition: In a mixed graph T with vertex set V  and edge set E,  the neigh­
borhood of a vertex, i £ V, is the set N(i)  =  { j  £ V : i ^  j  and {j ,  i}  £ E  
or (j, i) £ E}.  Suppose V  is partitioned into two sets, U\ and U2 . We say 
that {U\ ,U 2 } is an Eulerian Vertex Decomposition, or EVD, if (i) V i £ Ui, 
#(iV(z) H U2 ) =  0 (mod 2), and (ii) V i £ U2 , # ( N ( i )  n U\) =  0 (mod 2).
Note that if there are no directed edges in the graph T above, this definition 
agrees with the usual definition of an EVD given in Chapter I. Theorem 1.5 from 
Chapter I then has the following natural analog, due to P.E. Conner [CH2].
T h eorem  1.7  (C on n er). Let D  =  111=1 a quadratic discriminant with 
all pi odd primes and # { p i  \ pi =  3 (mod 4)} even. Then the number o f E V D ’s 
o f r D is 2r^ Dl
Exam ple 1.8. Here we will find the EVD’s of the two graphs in Example 1.6. 
First, consider the graph T£>1. Suppose {U\,  U2 } is an EVD of T # , . Without 
loss of generality, we may assume 13 G U\. But then iV(13) =  {7} and so we 
must have 7 G U\. Also, N ( 7) =  {13,3}. Thus 13 G U\ implies that 3 G U\. 
Thus the only EVD of is the trivial EVD. Now consider the graph T 
Suppose {f7i , 172} is an EVD of T w i t h  3 G U\. Now N ( 3) =  {5,17} and so 
either both 5 and 17 are in U\ or neither of them are. If both 5 and 17 are in 
Ui then since N ( 7) =  {3,5,17} we also have 7 G Pi and so we have the trivial 
EVD. If neither 5 nor 7 is in U\, then since N(7) =  {3,5,17} we must again 
have 7 G U\.  Thus we have the EVD {{3,7}, {5,17}}. There are exactly two 
EVD’s of TD2.
Thus we also have a way of determining r±(D) from properties of the mixed 
graph Td - Also, the following three conditions are equivalent when D  is odd 
with exactly two prime factors congruent to 3 modulo 4.
(i) u ( D )  =  c,
(ii) rankp2Mi5 =  t — 1 — c, and
(iii) the number of EVD’s of To is 2C.
Definition: We say that a real quadratic number field, E  =  Q ( D 1/2), has 
property Pc if r±(D) =  c. We say that a matrix or a mixed graph has property 
Pc if it satisfies the appropriate equivalent condition stated above.
Notice that the number fields, matrices, and graphs studied in the above 
examples have property Pq and P i, respectively.
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By Dirichlet’s theorem on primes in arithmetic progressions, any graph 
or mixed graph with exactly one directed edge may be viewed as T£> for an 
infinite number of discriminants, D. Similarly, any matrix over F 2 with even 
column sums can be viewed as the Redei matrix, M o, for an infinite number of 
discriminants. This leads to a study of the density in the set of all graphs with 
exactly one directed edge of the graphs with property Pc.
2. Densities of Graphs
We direct our attention to real quadratic number fields Q ( D 1/2), where the 
discriminant D  has ex a ctly  tw o prim e factors congruent to  3 m od u lo  4. 
In this case, the corresponding mixed graph To  has exactly one directed edge. 
Recall that by convention we will factor D  as pip2 • • • Pt where pi  and P2 are the 
two primes congruent to 3 modulo 4. Thus To  can be viewed as a mixed graph 
on the ordered set of vertices { 1 ,2 ,3 , . . .  , t }  with the one directed edge being 
(1, 2) or (2 , 1).
For ease of notation in that which follows, we now make the following defi­
nitions.
D efin ition:
D  =  {D  0 ■ D  is a quadratic discriminant),
D i =  {D £  D  : D  has no prime divisors =  3 (mod 4)},
D 2 =  {D £  D  : D  has exactly two prime divisors =  3 (mod 4)},
G i  =  {F : T =  To  for some D  £  D i ) ,
G 2 =  { r  : T =  I1#  for some D  £  D 2},
M i =  { M  £ M t (F2) '■ M  =  M o  for some D £  D i , t  >  0),
M 2 =  { M  £ Mt{F 2) : M  =  M o  for some D £  D 2, i  >  0).
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We will now define a correspondence between the set of ordinary graphs on 
an ordered set of t vertices and the set of mixed graphs with exactly one directed 
edge on an ordered set of t vertices, that directed edge being between vertices 1 
and 2 ; i.e., a correspondence between G i and G 2. Given an ordinary graph G 
on the set of vertices { 1 ,2 , . . .  , t } ,  we define a mixed graph G  on these vertices 
by defining its edges as follows: {*, j }  is an edge of G iff { i , j }  7  ̂ { 1 ,2} is an edge 
of G, (1,2) is a directed edge of G if {1,2} is an edge of G, and (2,1) is a directed 
edge of G if { 1,2} is not an edge of G. The correspondence p : G i -» G 2 given 
by p(G) =  G  is easily seen to be 1-1 by the definition of G.









Since there is a 1-1 correspondence between G t and M i for i -= 1,2 given 
by r £> 1—> M o, this correspondence of graphs gives us a 1-1 correspondence 
9 : M i -» M 2; i.e., we have a 1-1 correspondence b etw een  th e  set o f
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R ed ei m atrices assoc ia ted  w ith  d iscrim inants in D j and th e  se t o f  
R ed ei m atrices a ssoc ia ted  w ith  d iscrim inan ts in D 2. Since we get this 
correspondence from the one relating the graphs, we have M  h» M  where if M  
is the modified adjacency matrix of G  then M  is the modified adjacency matrix
—t> —* _ -♦
of G. Since G  dilfers from G  only between the vertices 1 and 2, M  and M  can 
differ only in the i , j  entries where i and j  are 1 and 2. In fact,
M  =  M  +
and each 0 is the zero matrix of the appropriate size.
E xam p le  2.2 . The matrices in this example are the Redei matrices of the 





/ 1 1 0 f ° 1 0 ON1 1 1 1 0 1 1 1—
0 1 0 1
Ml = 0 1 0
\ 0 1 1 0 / \ 0 1 1 0 I
( ° 0 0 1 1 \ / I 0 0 1 IN
0 0 1 1 0 1 0 1 1 0
0 1 0 1 0 m 2 = 0 1 0 1 0
1 1 1 1 0 1 1 1 1 0
Ki 0 0 0 1 / \ 1 0 0 0 l )
In the following, we will denote column i of a matrix M  by M*; and row i 
of M  by Mi*. Let ut =  [1 1 0 0 • • • 0]T G F^. Then the following theorem is an 
easy consequence of the above characterization of M .
T h eorem  2.3. If 9 : M i —> M 2 is the map given above, then 
rank M  — rank 9(M ) — \
I r<
ank M  if  ut € span {M* 1, M*2, . . . ,  M*t} 
rank M  +  1 otherwise.
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Proof: Since M , by definition, has even column sums, M*i is in the span of 
{M *i}‘=2. Hence the column space of M  is V\ =  span {M*2, M*3 , . . . ,  M*t}. 
Prom the above, we see that the column space of M  is — span {M*i +  
...,M *t }. But now M*i € Vi, so V2 =  span {?xt , M*2, M*3, ...,M *t}. 
Thus Pi =  Vj iff € Pi, and if Ut V\ then d in^V ) =  dim(Vi) +  1, so the 
result follows. ■
We want to know how often rankM =  rankM. Thus we study the column 
space of matrices M  € M i. Recall that a t  x t  matrix M  which can be viewed as 
a Redei matrix has property Pc if rank(M) =  t — c —1. We now want to consider 
the following question. For 0 <  c <  t — 1, what fraction of the t x t  Redei matrices 
M  e  M i with property Pc correspond to Redei matrices M  6  M 2 which also 
have property PC1
Letting n =  t — c — 1, this question amounts to asking what fraction of 
matrices M  E M i with rank n correspond to matrices M  E M 2 which also have 
rank n? Applying Theorem 2.3, this means that we want to determine how 
many of the rank n matrices in M i have iq in their column spaces.
Let 5 m(F2) be the set of all m  x m  symmetric matrices over F 2. Recall that 
all matrices M  E M i  are symmetric with even column sums. Then there is a 
1-1 correspondence between the set of t x t  matrices in M i and the set 5't_i(F2) 
given by M  Sm  where Sm  is the (t — 1) x (t — 1) symmetric matrix formed 
by deleting the last row and column of M . We can recover the matrix M  from 
Sm  by adding a row and column so that all row and column sums are zero.
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E xam p le  2.4. First, consider the 4 x 4  symmetric matrix, M , with zero column 
sums given below.
/ 0  1 0 1
M -  | 1 1 0  0
0 0 0 0
\ 1  0 0 1 ,
We associate this matrix to the 3 x 3  symmetric matrix
/  0 1 0 '
SM =  1 1 0
\ 0  0 0
Now consider the 3 x 3  symmetric matrix
( I  0 0 
£ =  0 1 1 
Vo 1 0 ,
We want to determine the unique 4 x 4  symmetric matrix, M , with zero column 
sums which will map to this matrix under the above map. To do this, we first 
add a row to S  so that all the column sums are zero. We then get the 4 x 3  
matrix
( 1 0 O'0 1 1 
0 1 0 
1 0 1 .
We now add a column, making the matrix symmetric and ensuring that this last 
column also sums to 0. We then get
M  =
(1 0 0 1
0 1 1 0
0 1 0 1
^1 0 1 0
P ro p osition  2.5. For any M  € M i, rank(SM ) =  rank(M ).
Proof: Since M  has even column sums, the rank of M  is equal to the rank of the 
(t — 1) x t matrix formed by deleting the last row of M . Since M  is symmetric, 
this matrix must have even row sums, and so deleting the last column does not 
change the rank of the matrix. Thus we have the desired result. gj
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P ro p o sitio n  2.6. Let ut =  [1 ,1 ,0 ,...  , 0]T E F£. Then ut is in the column 
space of a t  x t  m atrix M  E M i if  and only i fu t-1  is in the column space of Sm -
Proof: We can write the column space of M  as span {M * i,. . .  , M *t_i} since 
M  has zero row sums. Then if ut is in the column space of M , it is clear that 
ut- 1 must be in the column space of Sm- Now suppose ut~\ is in the column 
space of S m - Then ut- i  is the sum of a collection of columns of Sm - Take the 
corresponding columns of M . Then the sum of these columns must be a vector 
of the form v — [1 ,1 ,0 ,...  ,0 , a]T where a =  0 or 1. Now M  has zero column 
sums, so v must be a column whose entries sum to 0. Thus a =  0 and v =  ut. 
Hence we have ut in the column space of M . g
By combining the last two propositions and Theorem 2.3, we need only 
determine what fraction of the (t — 1) x (t — 1) symmetric matrices over F 2 with 
rank n have ut~\ in their column spaces.
If a matrix S E S t_ i(F 2) has rank n, then its columns are a set of generators 
of a unique n-dimensional subspace of the vector space
F 2_ 1  =  { [v i ,W 2 , . . . , V t - i ] T  : Vi e  F 2 V  i } .
Thus it will be useful to determine how many n-dimensional subspaces of V  exist 
and how many of these contain the vector ut~\. In order to simplify notation, 
let r =  t — 1 and consider the n-dimensional subspaces of 5'r(F2).
T h eorem  2.7. For 0 <  n <  r, the number of n-dimensional subspaces of F£ is
(.qr - l ) ( q r - q ) . . . ( q r - q»- 1 )
b(r,n) =
(qn -  1 )(qn - q ) - - - ( q n -  qn~1)'
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Proof: First we will count the number of n-dimensional subspaces of F£. In 
order to get an n-dimensional subspace, we must choose n linearly independent 
vectors from F£. We begin by choosing any non-zero vector of this space. There 
are qr — 1 such vectors. There are qr — q ways to choose a second vector inde­
pendent of the first. Continuing this process, there are qr — ql~ l ways to choose 
the i — vector for each i, 1 <  i <  n. The order in which we choose these vectors 
is irrelevant, so the number of ways to choose an n-dimensional subspace with 
a particular basis is
A (qr - l ) ( q r - q ) - - - ( q r - q n- 1)
n!
Each of the bases chosen above gives a unique n-dimensional subspace, but 
each subspace may be given by many different bases. Given an n-dimensional 
subspace, V,  of F£, we may choose a basis of V  in the following way. First we 
choose any non-zero element, Vi, of V.  There are qn — 1 ways to do this. Next 
we must choose an element, V2 , of V  which is linearly independent of v \. There 
are qn — q ways to do this. Continuing as above, we see that there are
B  = -------------------- S --------------------
ways to choose a basis of V.  Thus we have counted each subspace exactly B  
times in the number A  and so there are
A  =  =  ( g r  -  l ) ( g r -  g )  • • • (< f -  9 " - 1)
B  ; (qn -  l)(q n -  q) ■ ■ ■ (qn -  q71- 1)
n-dimensional subspaces of F£. g
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T h eorem  2.8. For 0 <  n <  r, the fraction of the n-dimensional subspaces of
n  i
the vector space F£ which contain ur is r̂_ 1.
Proof: From Theorem 2.7 we have a formula for the number of n-dimensional 
subspaces of F£. In a similar way, we can count the number of these subspaces 
which contain ur . We do this by letting the first element in a basis always be 
ur . There are
(«“ -  «)(«“ -  I2) • • '(« ’’ -  «”- 1 )
n-dimensional subspaces of F£ which contain ur . Hence we can divide the two
numbers b(r, n) and c(r, n) to get that of the dimension n subspaces of F£ 
contain the vector ur . ■
C orollary 2.9. For 0 <  n <  r, the fraction of the n-dimensional subspaces of 
the vector space V  =  F$ which contain uT is | r •
This formula is easy to see for the two cases n =  1 and n =  r. If n =  1 then 
each of the 2r — 1 non-zero vectors determines a distinct subspace of dimension 
n. The only one of these containing ur is V  =  {0, ur }. If n =  r then there is 
only one subspace of dimension n , the whole space, and it certainly contains ur .
In order to use Corollary 2.9 to get a result which deals with rank n sym­
metric matrices in S'r(F2) instead of n-dimensional subspaces of F£, we need a 
correspondence between Sn =  { 5  6  5 r(F2) : rank(S) =  n} and T n =  {U  C 
F£ : dim (U ) =  n}. As was stated above, for any S  £ Sn, there is a unique 
Us £ T n such that the columns of S  span Us- Thus we have a well defined 
map $  : Sn -» T n with $( S )  — Us- Now we need to determine how many
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matrices in Sn can be formed with columns from a fixed U  in T n; that is, how 
many matrices S  E Sn are mapped to U by First we will answer a slightly 
more general question. How many matrices in S'r(F 2), regardless of rank, can 
be formed with columns from a fixed subspace U  in T n?
L em m a 2 .1 0 . Let e* be the vector with 1 in the i — position and zeros every­
where else. Let U0 =  span{ei, e2, . . .  ,e n}. Then there are 2 ( 2 ) matrices in 
5 r(F 2) which can be formed with columns from U0.
Proof: It is easy to see that any allowable matrix, S  =  (Sij), has zeros in rows 
n +  1 through r, and thus must have zeros in columns n +  1 through r. Also 
any column with zeros in these places is in U0. Thus we can choose either 0 or 
1 for the entries where i <  j  <  n. The symmetry of the matrix S  will then
determine the other entries of the matrix S. There are 1 +  2 H +  n — n(n+ x)
entries which we may choose arbitrarily, and so there are 2 ( 2 ) matrices in 
S'r(F2) with columns from U0. |
In order to get this result for an arbitrary U in T n, we will use this Lemma 
2.10 along with Proposition 2.11. First we state a definition.
D efin ition: Let Sr ( K ) be the set of t x t  symmetric matrices over a field, 
K . Two matrices, A  and A', of Sr ( K ) are said to be equivalent over K  if 
A' =  C A C T for some C € GLr (K).  Here C T is the transpose of the matrix C. 
This equivalence relation is often called conjugacy of matrices.
P ro p osition  2.11. Let U0 be as above. Let A  =  {A  e  S'r(F 2) : A** E 
U0 for a l i i  =  1 , 2 , . . . ,r } . Let B  =  {B  E Sr ( F 2) : B h E U  V i =  1 ,2 , . . . , r } ,
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where U is any n-dimensional subspace of F£. Then there exists a non-singular 
m atrix Cu €= G Lr (F 2) such that C yB C u  € A  for all B  G B .
Proof: Let {ui ,U2 , . . . ,  un} be a basis for U. Consider the matrix M  with rows 
Mi* =  Ui for 1 <  i <  n  and Mj* =  0 for n +  1 <  i <  r. This matrix has rank n 
and so, viewed as a linear transformation, has a null space of dimension r — n. 
Let cn+i ,c n+2, . . .  , cr be linearly independent columns such that M  • Cj =  0 for 
all j  G {n  +  1, n  +  2 , . . . ,  r}. Then u • Cj =  0 for all j  G {n  +  1, n  +  2 , . . . ,  r}. 
Let Cu  be any matrix in GLr(F2) whose last r — n columns are cn+ 1, . . .  ,cr . 
Such a matrix exists since these last columns are linearly independent. Suppose 
B e  B. Then C fiBCu  G A  as desired since it must be symmetric and has last 
r — n  columns zero. 1
In view of this proposition, one obtains a one-to-one correspondence between 
A  and B , and hence Lemma 2.10 implies the following corollary.
C orollary 2 .1 2 . For every n-dimensional subspace U of F£, there are 2( 2 ) 
matrices in Sr ( F 2) with columns from U.
Now we know how many r x r  symmetric matrices can be formed with 
columns from a given n-dimensional vector space U. We want to know how 
many of these have rank n.
Let b(n, k ) be the number of /c-dimensional subspaces of an n-dimensional 
subspace of F£. Following the proof of Theorem 2.7, we can obtain the following 
formula for b(n,k).
(2n — l ) (2 n — 2) • • • (2n — 2fc_1)
6(n, k ) =
(2fc — l ) (2 fc — 2) • • • (2fc — 2fc_1)
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T h eorem  2.13. Let A i =  1 and A n =  2( * ) — X)fc=i &(n , ' Ak — 1. For
1 <  n <  r, An is the number of rank n symm etric matrices with columns from 
a fixed n-dimensional subspace o f  F£.
Proof: This proof is by induction on n. It is easy to see that the only symmetric 
matrices with columns from the 1 dimensional space {0 , v}  are the zero matrix, 
which has rank 0, and the matrix M  with M * j =  v  if and only if the i — row 
of v  is 1. M  has rank 1. Thus the theorem holds for n =  1. Let n be any 
integer greater than 1 but less than r. Assume the theorem holds for all k less 
than n.  Let V  be a fixed n-dimensional subspace of F£. The number of rank n 
matrices with columns from V  is 2( ® ) — N  where N  is the number of matrices 
with columns from V  of rank less than n. Note that N  is the sum over k of 
the numbers of rank k matrices with columns from a fc-dimensional subspace of 
V . There is one matrix of rank 0, namely the zero matrix. By the induction 
hypothesis, for k <  n,  there are exactly Ak rank k matrices with columns from 
each k dimensional subspace of V  C F£. Now each of these matrices occurs 
for a unique subspace. Since there are b(n, k ) dimension k subspaces of V  for 
1 <  k <  n, there are b(n, k) • Ak rank k symmetric matrices with columns from 
V.  Hence N  =  1 +  Sfc=i Hn > k) • Ak and the theorem follows by induction, g
Now we go back to the map $  : Sn -> T n with $ (5 )  =  Us- We saw that 
this map takes every element of S„ to a unique element of T n. The previous 
theorem tells us that the inverse under $  of a fixed U € T n contains exactly A n 
elements. We want to know how many matrices of rank n there are in ,Sr(F 2)
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for 0 <  n <  r and how many of these have the vector ur in their column spaces. 
We can determine these numbers by first fixing an n-dimensional subspace of 
F£. There are b(r,n)  n-dimensional subspaces of F^, so there are A n • b(r,n) 
matrices of rank n in S'r(F2). Similarly there are
, ^   ̂ (2r — 2)(2r — 22) • • • (2r — 2n_1)
n • c ( r , n) -  -  2 ) ( 2 n -  2 2 ) • • • ( 2n — 2 ra_1)
matrices of rank n in SV(F2) which have the vector ur in their column spaces. 
Thus the fraction of rank n matrices from 5 r(F2) which have the vector ur in 
their column spaces is
A n • c(r, n) _  2n -  1 
A n -b(r,n) 2r — 1 ‘
Recall that each of these symmetric matrices, S,  corresponds to a unique 
t x t  symmetric Redei matrix, M , where t =  r + 1 . The symmetric Redei matrix, 
M , then corresponds to a matrix M.  Our original desire was to determine how 
often a given Redei matrix, M,  has the same rank as its corresponding matrix 
M.  We know that this happens if and only if the vector ut is in the column
space of M.  But this is equivalent to the vector ur being in the column space of
Sm - Thus we know that, for each t, the fraction of the t x t  rank n symmetric 
Redei matrices, M,  whose corresponding matrix, M , is also of rank n must be 
2rZ\ • The other \  ~2l of these matrices correspond to mati'ices of rank n +  1.
We want to use this information to determine how often the property Pc 
occurs in the set of all mixed graphs with exactly one directed edge. In turn, this 
provides us with a density for graphs corresponding to fields with discriminant
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from D 2 having property Pc\ that is, we will be able to determine a likelihood 
for r^{D) being c.
As in [SI] we will let a t (c) be the fraction of all t x t  Redei matrices, M& 
where D  € D j, that have rank t — l  — c. We could also define a t (c) as the fraction 
of all graphs on t  vertices that have 2C EVD’s; that is property Pc. Stevenhagen 
finds that this number is
, N IIjsc+ lU  ~  2 J)a t [c) =  2 v 2 ) ——J.— -------------- .
rii=Tc~ (! “  2_2i)
These numbers oct (c) are given by Stevenhagen up to eight decimal places 
for small values of t and c. He also gives the limit as t —> 00,
«oo(c) =  lim a t (c).
t—Voo
Table II. 1 contains some of these values.
Table II.l. Values of at(c)
*t(c) c= 0 1 2 3 4
t = 2 0.5 0.5
3 0.5 0.375 0.125
4 0.4375 0.4375 0.109375 0.015625
5 0.4375 0.41015625 0.13671875 0.01464844 0.00097656
6 0.42382812 0.42382812 0.13244629 0.01892029 0.00094604
7 0.42382812 0.41720581 0.13906860 0.01862526 0.00124168
8 0.42051697 0.42051697 0.13798213 0.01971173 0.00123198
9 0.42051697 0.41887432 0.13962477 0.01963473 0.00130898
10 0.41969565 0.41969565 0.13935207 0.01990744 0.00130643
00 0.41942244 0.41942244 0.13980748 0.0199725 0.0013315
R em ark: In particular, the density of the set of graphs corresponding to 
number fields with 4-rank equal to 0 is approximately 41.9%. This result can
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be traced back to Redei. The number <*00(0) =  0.41942244 has been found 
independently by J. Hurrelbrink and is the fraction of graphs T d  where D g  D i  
for which the 2-Sylow subgroup of C +(Q (D 1/ 2)) is elementary abelian [Hj.
Now let Pt(c) be the fraction of all t x t Redei matrices, M d  with D £  D 2, 
that have rank t — c — 1. Since each matrix M jj with D  £  D 2 corresponds to a 
unique matrix M d  with D £  D i, we can use the results above to find /3t(c) in 
terms of a t (c).
Theorem  2.14. Let c be any integer such that 0 <  c <  t  — 1. Among all t  x t 
matrices that can be realized as a Redei m atrix for some D  £  D 2, the fraction 
of matrices having rank t — c — 1 equals
a t—1—c   I a t—1   nt—2—c
P t ( c ) =  - j t H  _ i   • a *(c ) +  — 2 t - i  _ 'i  a *(c +  *)•
Proof: Let n =  t — 1 — c. Recall that there is a 1-1 correspondence between the 
set of t x t  Redei matrices, M d , where D  £  D i and the set of t x t  Redei matrices, 
M u, where D  £  D 2. The fraction of t x t  matrices, M d, where D £ D 2 which 
have rank n is then equal to the fraction of the matrices M d  where D  £  D i for 
which M d  has rank n. We know that of the rank n symmetric Redei
matrices, M , map to matrices, M, with rank n. Also, for c <  t — 1, we have 
2r~.^‘1 symmetric Redei matrices of rank n — 1 which map to matrices with 
rank n. Using the result of Stevenhagen on symmetric Redei matrices, we then 
find that the fraction of t x t  matrices that can be realized as a Redei matrix 
for some D  £  D 2 which have rank t — c — 1 is ' «t(o) +  22 ~-i ' a t(c +  1 )•
This formula holds even for c =  t — 1 since a t (c +  1) is then 0. g
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In the rest of this section, all graphs have exactly one directed edge. Now 
we know that if we are given a graph on t  vertices, there is a /3t(c) chance that 
it has property Pc. Among all graphs, the fraction with property Pc will be the 
limit as t  -> oo of Pt(c).  This limit exists since the limit as t -» oo of a t (c) exists
[SI]. Let Poo(c) =  lim4_t.00^ (c ) . We see that
/  Qt—i —c  -j\ /  2t—i  2c-2-c \
=  f e  (  t ' " ‘ ~ ' ° “ (C) +  &  (  2 < - i - l  J ' +  D-
Calculating these limits we then get
P00(c) =  2 _ c  • 0 0 0 ( c )  +  (1  -  2 - (c- 1) )  • a o o ( c  +  1 ) .
We now use the given decimal approximations of 0 ^ ( 0) to obtain Poo(c) up 
to 8 decimal places. The numbers Poo(c) then give us the following result on 
the densities of graphs with property Pc. Notice that the density of graphs with 
property Pc for c >  3 is very small.
Theorem  2.15. Consider read quadratic number fields E  — Q (U 1/2) whose
discriminants D  are odd and have exactly two prime divisors congruent to 3
modulo 4. Associate to the Helds E  graphs Fd  (with exactly one directed edge).
Then, in the set of all such graphs, the graphs which correspond to Helds E  with
r^(D) =  0 have a density of about 0.6291,
r±(D)  = 1  have a density of about 0.3146,
r 4 ( D )  = 2  have a density of about 0.0524,
r 4 ( D )  = 3  have a density of about 0.0037.
The values from Table II. 1 can be used to determine p t (c) up to eight
decimal places. Note that the sequence of values of p t (c) in Table II.2 is a
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decreasing sequence for c =  0 and is an increasing sequence for all other values 
of c.
Table II.2. Values of /3t(c)
M c) c= 0 1 2 3 4
t= 2 1
3 0.75 0.25
4 0.6875 0.28125 0.03125
5 0.65625 0.30078125 0.04101562 0.00195312
6 0.64257811 0.30761718 0.04699652 0.00274651 0.00006103
7 0.63574218 0.31124877 0.04966735 0.00325202 0.00008869
8 0.63243103 0.31290435 0.05106425 0.00349223 0.00010671
9 0.63077545 0.31374507 0.05174329 0.00361894 0.00011550
10 0.62995413 0.31415574 0.05208658 0.00368151 0.00012015
oo 0.62913366 0.31456683 0.05242780 0.00374484 0.00012482
CHAPTER III. QUOTIENT GRAPHS 
1. General Definitions and Theorems
Definition: Let n be any natural number and let p be a prime. The set of 
n — power residues of the multiplicative group (Z/pZ)* is S =  S(p,n)  =  {d E 
(Z/pZ)* : d =  cn for some c E (Z/pZ)*}.
Note that for any prime p and natural number n, S(p,n)  is a subgroup of 
(Z/pZ)*. In the following, we will be interested in studying the proper subgroups 
of (Z/pZ)* which contain {±1}. Since the group (Z/pZ)* is cyclic of order p — 1, 
each of its proper subgroups can be realized as S(p,n)  for some natural number 
n  which divides p — 1. Then ^ (p , n)| is . Additionally, if this subgroup is 
to contain the subgroup {± 1} of order 2 , we must have 2 | |5(p, n)|; that is, 
2 | Thus we will only wish to consider the subgroups S(p, n) where p is
congruent to  1 m odulo 2n.
Definition: Let n E N  and let p E Z be prime such that p =  1 (mod 2n). 
The circulant graph related to S , r(S'), is the ordered pair
(V,E) =  (V(T(S) ) ,E(T(S)) ) ,
where U (T (5)) is the set of elements of Z/pZ and E(T(S))  is the set of pairs 
{a, 6} such that a,b E V'(r(S')) and a — b E S .  That is, T(5) is the graph whose 
vertex set is Z/pZ, and whose edge set is the set of pairs of vertices, {a, 6}, such 
that a — b E S .
Note that the circulant graph is well defined since we must have — 1 E S. 
Also note that for any prime p and natural number n  such that p =  1 (mod 2n),
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T(S)  is a regular graph of degree |5 | =  These circulant graphs are Cayley  
graphs. For n =  2, these circulant graphs are Paley graphs. For example, 
r (S (5 ,2)) is the following graph.




As p  increases, circulant graphs become “large”. That is, the number of 
vertices increases. This makes circulant graphs hard to deal with for large values 
of p. In this chapter, we will deal with a smaller graph which will be called the 
quotient graph related to S. The relationship between the circulant graph and 
the quotient graph will be explored below in Proposition 1.5. First, the quotient 
graph is defined in a way that shows its value in determining the number of 
solutions of equations of the form a X n +  bYn =  1 over the finite field (Z/pZ). 
Definition: Let n  be a natural number and let p  be a prime such that p =  1 
(mod 2n). The quotient graph related to S , Q(S),  is the ordered pair
(V,E)  =  (V{Q(S) ) ,E(Q(S) ) )
where V ( Q ( S )) is the set of elements of (Z /pZ)* / S  and E(Q(S) )  is the set of 
pairs {aS, bS}  such that aS,bS € V(Q(S) )  and
# { ( X n, Y n) e S x S :  a X n +  bYn =  1} =  1 (mod 2).
N otation: Let S(p,n)  be as above. In the following, the notation Ls(Ptn)(a ,b) 
will be used to denote the set { (X n, y n) E S(p,n)  x S( p , n ) : a X n +  bYn =  1}.
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Where there is no confusion, this notation may be simplified by omitting 
the subscript S(p, n ) or simplifying it to just S. By the definition above, we now 
have {aS, bS}  G E ( Q ( S )) if and only if aS ^  bS and # L s ( a , b ) is odd.
P ro p o sitio n  1 .2 . Let n be a natural number and let p be a prime such that 
p =  1 (mod 2n). The quotient graph Q ( S ) as dehned above is a well-defined 
graph.
Proof: We will show that for a, b, a', and b' in (Z/pZ)*, # L s ( a , b )  =  # L s ( b , a )
and if aS =  a'S  and bS =  b'S, then #Ls {a , b )  =  # L s{a ' ,b'). Let n  and p be as
above. First note that interchanging the variables in the equation a X n+ b Y n =  1
does not change the number of solutions (X n, Y n) G S  x S.  Thus it is clear that
# L s ( a , b )  =  # Ls (b , a ) .  Suppose aS  =  a'S  and bS =  b'S. Then we must have
elements cn and dn in S  such that a — a'cn and b =  b'dn. That is, there must
be elements c and d in (Z/pZ)* such that a =  a'cn and b ■ b'dn. Assume there
is no solution (X n, Y n) G 5  x S' to the equation a X n +  bYn =  1, but that there
exist x n and yn in S  such that a'xn +  b'yn =  1. We then have
a'xn +  b'yn =  1 
ac~nx n +  bd~nyn =  1 <£>
a(c_1 x)n +  b(d~1y)n =  1.
But ((c~1x)n, (d~1y)n) €  S  x S. This contradicts there being no solution to
a X n +  bYn — 1 in 5  x S. Hence if #L (a , b) =  0 then #L(a' ,b' )  =  0. Now
assume #L (a , b) >  0 and let (xn, y n) G S  x S  satisfy axn +  byn =  1. Then we
have
axn +  byn =  1 O’ 
a'cnxn +  b'dny n =  1 O  
a'(cx)n +  b'{dx)n =  1.
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Hence there is a map r  : L(a, b) -» L(a',b') defined by r ( x n, yn) =  ((cx)n, (dy )n). 
Since c and d are fixed elements of (Z/pZ)*, it is clear that r  is a one-to- 
one function. The equations above also show that r  is onto L(o/, ?/). In
particular, if a'xn +  b'yn =  1, then a(c~1x)n +  b(d~1y)n =  1, and we have
t ( ( c ~ 1x ) t i ,  ( d ^ y ) 71) — (xn, y n). Since r  is a one-to-one and onto map, we have 
# L s ( a ,  b) =  # L s (a ', b1). Thus the quotient graph defined above is a well defined 
graph. I
P ro p o sitio n  1.3. Let n be any natural number and le t p be any prime congru­
ent to 1 modulo 2n. The number of solutions to the equation a X n +  bYn =  1 
in (Z/pZ)* x (Z/pZ)* is
at =  f  0 (mod 2n2) i f  #Ls (a , b )  =  0 (mod 2)
— \  n2 (mod 2n2) i f  #Ls {a , b )  =  1 (mod 2) '
Proof: This result follows directly from the definition of Ls(a,b)  and the com­
ments at the end of Chapter I.
E xam p le  1.4. Here we will determine the quotient graph Q(S( 7 ,3)). Note 
that the group (Z/7Z)* has 3 as a generator. Then 5 (7 ,3 ) =  {33, 36} =  {±1}- 
We can then determine that (Z /7 Z )* /5  =  {5 ,2 5 ,4 5 } . This gives us our three 
vertices for Q(S).  We must now determine whether or not the three edges 
{5 ,2 5 } , {5 ,4 5 } , and {2 5 ,4 5 } are in E(Q(S)) .  First consider the equation 
X z +  2Y 3 =  1. The only solution (X 3 ,T 3) G 5  x 5  to this equation is (—1,1). 
Thus there are an odd number of solutions and we have {5 ,2 5 }  G E(Q(S)) .  
Now consider X 3 +  4Y 3 =  1. This has no solutions, so {5 ,4 5 }  ^ E(Q(S)) .  We
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can also find that the only solution to 2X 3 +  4Y3 =  1 in 5  x 5  is ( - 1 , - 1 ) ,  so 
{2 5 ,4 5 }  E E(Q(S)) .  Thus the following graph is Q(S).
5  2 5  45
0     0 .    0
Note that the quotient graph related to 5(p, n) has exactly n  vertices, no 
matter how large p is. Thus for a fixed n, we may choose p  =  1 (mod 2n) 
arbitrarily large and still have a “sm all” quotient graph Q(S).
The vertices of Q(S)  are labeled by the elements of the quotient group 
(Z /pZ )*/5 . There may be many ways of writing each of these elements, but 
we would like to have some canonical labeling for the vertices of Q(S).  For now 
we just observe that this quotient group is cyclic. This is clear since (Z/pZ)* is 
cyclic. In particular, we may choose u  to be any primitive root modulo p and 
label the n  vertices of Q(S)  as 5, uiS, uj25 , . . . ,  u>n~1S. To simplify our notation, 
we will often label the vertices of quotient graphs with the labels 0 , 1, 2 , . . . ,  n — 1 
according to the exponent of a> in the labeling 5, cuS, u 2 5 , . . .  ,cun~ 1S.
The next proposition establishes a very useful relationship between the cir­
culant graph T(5) and the quotient graph Q(S).
Proposition 1.5. Let n be any natural number and let p be a prime such that 
p =  1 (mod 2n). Let a and b be elements of (Z/pZ)*. Then # L s ( a ,  b) is equal 
to the number o f elements o f bS which are neighbors of a in the graph T(S).  
That is, # L s ( a ,  b) — # { c  E 65 : a — c G 5 } .
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Proof: Let n be any natural number and let p be a prime such that p =  1
(mod 2n).  Let Nr  (a, b) denote the elements of bS which axe adjacent to a in the
circulant graph T(5). Then by the definition of r(S'), we have
# N r (a,b) = # { c e b S  : a - c e  S}
=  # { F n G S  : a -  bYn G S}
=  # { Y n G S : 3 X n G S  with a - b Y n =  X n}.
Note that this X n G S  is unique if it exists, so we have
#JVr (a ,b) =  # { ( X n,F n) E S x S : a - b Y n =  X n}.
Let this later set be denoted by Mr (a, b). Recall that — 1 G S', so we may choose 
some d G (Z/pZ)* such that dn — —1. Consider the map r  : Mr(a,  b) —> Ls(a,  b) 
defined by (X n, Y n) i—> ((X _1)n, ( d X ~ 1Y ) n). First we must show that this 
is indeed a map into the set Ls(a,b).  Suppose (xn, y n) G Mr(a,b) .  Then 
a — byn =  x n. But now
a — byn =  xn O
ax~n +  dnbx~nyn =  1 O-
a(x- 1 )n +  b(dx~1y)n =  1.
Thus r  is into X-s(a, b). It is easy to see that r is one-to-one since
r ((x n, y n)) =  r((x'n, y'n)) =̂
(x )n =  (x '-1)" =>
x n =  xln and then
(dx~1y)n =  (dx'~l y')n =>•
yn =  y'n-
Suppose (x n, y n) G Ls(a,b) .  Then axn +  byn =  1 which implies that a — 
b{dx~ly )n =  (x_1)n. Now r (((x ~ 1)n, {dx~ly)n)) =  (xn, (d2y)n) =  (xn, y n) 
since (d2)n — (d11)2 =  1. Thus r is onto Ls(a,b)  and so # N r( a , b )  =  
# M r (a ,6) =  # L 5 (a ,6). |
Since Q(S)  is defined in terms of the parity of # Ls (a , b ) ,  this proposition 
shows that the following definition of a quotient graph is equivalent to the defi­
nition given before.
D efin ition: Let n  be a natural number and let p  be a prime such that p =  1 
(mod 2n). The quotient graph related to S , Q(S),  is the ordered pair (V,E) =  
(V(Q(S) ) ,E(Q(S) ) )  where V ((3(5)) is the set of elements of (Z/pZ)*/ 5  and 
E(Q(S) )  is the set of pairs {a5, bS}  such that aS , bS G V(Q(S) )  and # { z  G bS : 
a — z & S}  is odd.
This second definition will be very useful in determining the quotient graph 
Q(S)  for a fixed p  and n. We can also use this definition to determine quotient 
graphs from known circulant graphs.
E xam p le  1.6. As seen in Example 1.1, r(5 (5 ,2)) is the following graph.
Now the quotient graph <3(5(5,2)) has the two vertices S  and 2S  where S  =  
{± 1} and 2S  =  {±2}. We can see that 2 is adjacent to 1 but not —1 =  4 in
T(S).  Thus # { z  G S  : a — 2 G 5} =  1 and {5 ,2 5 }  G E(Q(S)) .  Then Q (5(5,2))
3 2
is the following graph.
5 25
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Since the circulant graph r(S') is regular of degree |S |, for each a £ (Z/pZ)*,  
it is true that
^ # { 2 r G 6 5 : a - z e 5 }  =  |5 |.
bS
In terms of our previous notation, this says that
£ # { ( X n,Y n) e S x S :  a X n +  bYn =  1} =  |S|; that is,
bS
# L s ( a , a ) +  £  # L s (a,b) =  \S\. (1)
b S j t a S
This equation will be useful in determining which graphs can occur as Q(S)  for 
a fixed natural number n.
Lem m a 1.7. Let n be a natural number and let p be a prime such that p =  1 
(mod 2n). Then #Ls(a,a, )  =  # L s ( l ,  a- 1 ).
Proof: Let n and p be as given. Let c €  (Z / pZ )* be such that cn =  —1. Notice 
that
axn +  ayn =  1 
xn +  yn =  a-1  
xn — a-1  =  — yn O
(cxy~1)n +  a~1(y~1)n =  1.
Define a map r  : Ls{a,a)  -» L s ^ a - 1 ) by T ( ( x n , y n ))  =  ((cxy~l )n, ( y ~ l )n). It 
is now easy to check that r  is a one-to-one map, and by reversing the equations 
above we see that r  is onto L s ( l ,a - 1 ). Thus # L s ( a , a ) =  # L s ( l ,  a- 1 ). g  
Using Lemma 1.7 we can modify equation (1) above to
# £ 5 ( 1 , 0 +  £  # L s (a,b) =  \S\. (2)
b S j i a S
N otation: The complete graph on n vertices will be denoted K n. The totally 
disconnected graph on n vertices will be denoted t.d.{n).
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n — 2
We now turn our attention to the quotient graphs Q(S(p,  2)) where p  is a 
prime congruent to 1 modulo 4. There are only two vertices in such a graph, 
so there are at most two possible graphs. Recall from a previous example that 
<2(5(5,2)) is the complete graph on two vertices, RV The next example shows 
that <2(5(17,2)) is the totally disconnected graph on two vertices, t.d .(2). 
E xam p le  1.8. Here we will determine <2(5(17,2)). The least positive primitive 
root modulo 17 is 3. Thus 5(17,2) =  {32,3 4,3 6,3 8,3 10,3 12,3 14,3 16}; that is, 
5(17,2) =  {±1 , ±2, ±4, ± 8}. Now (Z /17Z )* /5  =  {5 ,3 5 } . In order to determine 
if { 5 ,3 5 }  G E ( Q ( S )), we must count the elements z € S  such that 3 — z £ S. 
Those elements are 1, —1, 2, and 4. Since there are an even number of such 
elements, {5 ,3 5 }  g E(Q(S)) .  Thus <2(5(17,2)) =  t.d .(2).
The next theorem tells explicitly which of the two possible quotient graphs 
occurs as Q(S(p,  2)) for a given p =  1 (mod 4). It is given now as a motivation 
for Theorem 1.12.
Theorem  1.9. Let p be any prime congruent to 1 modulo 4. Then
O f  2H  -  !  K2 i f p  ~  5 (m o d  8 )|  t d (2) i f p  =  1 ( od •
Proof: Let p  be any prime congruent to 1 modulo 4. Recall that Q(S(p,  2)) 
has exactly 2 vertices. Thus it must be either K 2 or t.d .(2). Suppose u> is any 
element of (Z/pZ)* not in 5. We must determine whether or not the vertices
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5 = 1 5  and uiS are adjacent; that is, we must determine the parity of # L s (  1, oj). 
First we will show that
# L s ( l , w)  =  # { ( X 2, Y 2) e  S x S  : X 2 + Y 2 =  u ).
Let this later set be denoted by M(u>). Let c G (Z/pZ)* be such that c2 =  1. 
Note that
x +  cuy = 1  O
x2 — 1 =  — ujy2 •«>
-  ( x y - 1)2 + ( y - 1)2 = to <=>
(cxy~1)2 +  (y- 1 )2 =  oj.
Define a map r  : L s ( l,o>) -* M(w) by r ((X 2,Y 2)) =  ((cX Y - 1 )2, (Y -1 )2). It 
is easy to see that r  is a one-to-one map. By reversing the above equations, 
we also see that r  is onto the set M ( lu). Thus'#.Ls(l,a>) =  Suppose
(x2, y 2) G S' x 5  is a solution of X 2 +  Y 2 — u> such that x2 y2. Then 
the ordered pair (y2, x 2) is also a solution to this equation. Since x2 ^  y2, 
these are two distinct solutions. By pairing up the solutions for which x2 ^  y2 
in this way, we see that the parity of #M(u>) is determined by the parity of 
# { ( X 2, Y 2) G S  x S : X 2 =  Y 2 and X 2 +  Y 2 =  u} .  Note that for x2 =  y2, 
x2 +  y2 =  u) ^  2x2 =  u>. Now there exists such an x2 if and only if w G 25, 
and if such an x2 exists it is unique. Thus # M ( lu) is odd if and only if w G 25. 
Recall that u> ^ 5. If 2 G 5 , then 25  =  5  and so w ^ 25. If 2 ^ 5 , then 25  =  coS 
so wG 25. Thus the quotient graph Q (S(p,2)) is determined by whether or not 
2 is an element of S(p, 2); i.e., whether or not 2 is a square modulo p. If 2 is a 
square modulo p, then Q(S) — t.d.{2). If 2 is not a square modulo p, then
46
Q(S)  =  K 2. We are assuming p =  1 (mod 4), so the Legendre symbol ( | )  has 
the following values.
+ 1  if p =  1 (mod 8) 
— 1 U p  =  5 (mod 8)
Thus
« ( S ( p ,2 ) ) = { K 2 if p =  5 (mod 8) t.d .(2) if p =  1 (mod 8) ‘
C orollary 1.10. Let p be any prime congruent to 1 modulo 4. Let a and b be 
elements o f (7i/p7i)* such that aS  ^  bS. Then
E xam p le  1.11. Take n  =  2 and p =  2069. Consider the equation 129X2 +  
258Y2 =  1 over Z/2069Z. Note that p =  5 (mod 8). Thus 2 S. Also note 
that 2(129) =  258 and so 1295 ^  2585. Then we have # L s (  129,258) =  1 
(mod 2), and so the number of solutions to the equation 129X2 +  258Y 2 =  1 in 
(Z/2069Z)* x (Z/2069Z)* is congruent to 4 modulo 8 .
T h eorem  1.12 (5 -2 5  R u le ). Let n be any natural number and let p be any 
prime congruent to 1 modulo 2n. S  is an isolated vertex in Q(S)  i f  2 G 5 . 5  is 
adjacent to only the vertex 2 5  in Q (S ) if  2 ^ 5.
Proof: In order to prove this theorem, the parity of Ls ( l ,  a) must be determined 
for all vertices aS  of Q(S)  with aS ^  S. Let a e  (Z/pZ)* \  5. Let M a =
i f p  =  1 (mod 8) 
i f  p  =  5 (mod 8)
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{(X n, Y n) € 5 x 5 :  X n +  Y n =  a}.  Let x, y , and c be elements of (Z/pZ)* 
such that cn =  — 1. Note that
xn +  yn — a 
xn — a — — yn O
(cxy~l )n +  a(y~l )n =  1.
Define a map r  : M a ->• L s ( l,a )  by T((xn, y n)) =  ((cxy-1 )n, (7/_1)n). By 
reversing the above equations, we can see that r is onto the set L s ( l,a ) . It is 
also easy to show that r is a one-to-one map. Therefore # M a =  # L s ( l ,a ) .  
Now if (x n, y n) is in Ma, we must also have (yn, x n) in M a. These two elements 
are distinct if and only if xn #  pn. Thus we may count the elements of M a for 
which x n #  yn in pairs. Since we only need to know the parity of # M a, we 
only need to know how many elements of M a are of the form (x n, x n). Assume 
xn +  x n =  a; that is, 2xn =  a. Then a G 25; that is, aS  =  25. Therefore M a 
only has elements of the given form if aS  =  25, otherwise # M a =  # L s ( l ,  a) is 
even. If aS =  25, the solution, xn, to 2xn — a is unique, so # M a =  # L s { l ,  a) 
is odd. If 2 € 5  the assumption that aS ^  S  implies that aS ^  25, and so 
# L s ( l ,a )  is even. Thus 5  must be an isolated vertex of Q(S).  If 2 ^ 5  then 
the only vertex adjacent to 5  in Q(S)  is aS  =  25. g
Exam ple 1.13. In order to illustrate the 5  — 25 rule, we will determine 
#Ls(p,n)(a i 1) f°r a few values of p, n, and a £ S. Let E  =  E(Q(S)) .  Re­
call that {5, a5} € E if and only if # L s ( a ,  1) is odd.
(1) Takep =  17 and n — 4. Now 5(17,4) =  {±1 , ± 4}, so 2 ^ 5 . The number 
of elements of L s ( 5 ,1) is equal to the number of z £ S  such that 5 — z  G 5. 
Thus # L s ( 5,1) =  # {1 ,4 } . So {5 ,5 5 }  ^ E.  Note that 55  =  {±3 , ±5} and so
48
55 #  25. Now we can also see that # T s ( 8 ,1) =  # {4 }  and so {5 ,8 5 }  G E.  This 
is predicted by the 5  — 25  rule since 85 =  {± 2 , ± 8} =  25.
(2) Take p =  41 and n =  5. 5(41,5) =  {±1, ±3, ±9 , ±14}. Then 
# L S(5,1) =  # { - 9 ,1 4 }  and so {5 ,5 5 }  g  E.  Also #L<?(6,1) =  # { 3 , - 3 ,9 }  and 
so {5 ,6 5 }  G E.  Note that 65  =  25.
By the 5  — 25  rule, we only need to know 5  and 25  in order to determine 
if { S , aS }  G E.  If a G (Z/pZ)* \  (5  U 25), then {5 ,a 5 }  $ E.  If a G 25  and 
5  # 2 5 ,  then {5 ,a 5 }  G E.
Corollary 1.14. Let n be any natural number and let p be any prime congruent 
to 1 modulo 2n. The number of solutions to the equation X n +  bYn =  1 in 
(Z /pZ)* x (Z/pZ)* is congruent to 0 modulo 2n2 if  b ^ 25. Otherwise, it  is 
congruent to n2 modulo 2n2.
Proof: If b ^ 25, the proof of the 5  — 25  rule implies that # L s ( l , b )  is even. 
This along with the comments at the end of Chapter I implies the stated result. 
If b G 25, the proof of the 5  — 25  rule implies that # T s (  1, b) is odd. The result 
then follows from Proposition 1.3. |
Corollary 1.15. Let n be any natural number and let p be any prime congruent 
to 1 modulo 2n. If aS =  bS, then the number of solutions to the equation
a X n +  bYn =  1 in {Z/pZ)*  x (Z/pZ)* is
N  = f n2 (mod 2n2) 
{ 0 (mod 2n2)
i f  a ' 1 G 25
otherwise
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Proof: Since Q(S)  is a well defined graph, we must have # L s { a ,  b) =  # L s ( a ,  a). 
But # L s ( a , a ) =  # L s ( l ,a -1 ). The proof of the S — 2S rule implies that 
# L s ( l ,a - 1 ) is odd if and only if a~l £ 2S. The result then follows from 
Proposition 1.3. B
In view of this corollary, we need only consider equations a X n +  bYn =  1 
where aS ^  bS.
The S  — 2S  rule shows us the importance of knowing to which coset, u>l S, 2 
belongs. In the following, b w ill denote the sm allest positive integer such  
that 2b 6  S. Note that b depends on the n and p under consideration and must 
divide n. Then the number i must be a multiple of j .  The S  — 2S  rule says 
that S  is an isolated vertex in Q(S)  if b =  1 and is adjacent to 2S  otherwise.
If n  is divisible by 4, then p =  1 (mod 8). In this case, 2 is always a square, 
and so 2 1 £ S.  Thus b cannot be equal to n. If n is divisible by 4, then for every 
positive divisor, 6, of the set of primes p =  1 (mod 2n) yielding the given b 
has positive density. If n is not divisible by 4, then for every positive divisor, b, 
of n, the set of primes p  =  1 (mod 2n) yielding the given b has positive density. 
This is a consequence of Tchebotareff’s density theorem (see [Co]).
Since the neighborhood of the vertex S  in Q(S)  is well understood, we will 
often concentrate on the graph obtained from Q ( S ) by removing the vertex S. 
Definition: The modified quotient graph of 5, denoted MQ(S) ,  is the graph 
with vertex set V (MQ( S) )  =  V ( Q ( S )) \  {5} and edge set
B(MQ(S))  = E{Q(S) ) \ {S ,2S) .
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N otation: Let loS be any generator of (Z /pZ)*/S .  The edges {w'S1, u>*S}, 
{uj^SjLui^S} ,  and {a S,<x>x~ iS }  will be referred to as a triple and will be 
denoted by Tij.  These edges will often be referred to simply as {i, j } ,  { —i , j  — i}, 
and { —j , i  — j } .  This notation for the edges agrees with our labeling vertices 
1 , 2 , . . .  ,n  — 1 where i represents uAS. Note that every possible edge of M Q(S)  
is in a unique triple.
The following theorem will be very powerful in determining which graphs 
may occur as quotient graphs and eliminating many graphs which do not occur 
as quotient graphs.
Theorem  1.16 (Triples R ule). Let n be any natural number not divisible 
by 3. Let p be any prime congruent to 1 modulo 2n. Then \E(MQ(S)) \  is 
congruent to 0  modulo 3. Moreover, if  u S  is any generator of (Z /p Z )* /S  and 
1 <  i <  j  <  n> then
{ ^ S ^ S }  G E (M Q (S ))  &
{ t o ^ S ^ ^ S }  € E (M Q (S ))  &
{ w - ’ S ^ - i S }  G E (M Q (S ))  .
Proof: Let w b e a  generator of (Z /pZ)*/S(p ,n )  and choose i and j  such that 
1 <  i <  j  <  n. First we will show that # L s ( k / ,w?) =  #Ls(u>~x,u>:!~z) =  
# L s { w ~ i thus proving the second part of the theorem. Let x, y , and c
be elements of (Z / p Z )* with cn =  —1. Then
u zxn +  u>iyn =  1 <=*>
x n +  aP~%y n =  u!~l O
1 +  ix)i~l {x~l y)n =  u)~%{x~l )n 
1 =  u)~l {x~l )n +  u)i~%(cx~l y)n
Thus we can define a function o  : Ls{w%,u}i) —> Ls(u>~t ,to^~z) by 
a ( ( X n, Y n)) =  ( ( X - ^ c X - ' Y r ) ) .
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It is easy to see that o  is one-to-one, and so #L s(c< /,oj3) <  # L s ( w ~ l , 
Similarly, we can define functions r  : L s ( —> Lg(u>~3 , oj1~3) and ji : 
Ls(u>~3 ,lo%~3) —► L s ( u 1 ,uj3) as follows:
r ( ( X n, Y n)) =  ( ( c X Y - Y d Y - m ) ,  » { { X n, Y n)) =  ( {cX~l Y ) n, ( X - l ) n)). 
These functions are also one-to-one and so we see that
#L s ( u \ ^ )  < f tL s iu -W -*)  <
Hence all these sets axe of the same size and so the second part of the theorem is 
proven. To prove the first part, we must show that the three edges {u/S1, w3 S},  
and {a;- 3S', w, - 35 }  axe distinct. Since the vertices are the cosets 
of S in (Z/pZ)*, we may consider the exponents on u> to be between 0 and n — 1, 
with the addition being done modulo n. Since w is a generator of the quotient 
group (Z/pZ)*/ S, we know that u>* G S' if and only if t =  0 (mod n). This 
proof continues by contradiction. Assume the three edges mentioned above are 
not distinct.
Case 1: Assume {w*5,wJ'5} =  {oj~1S, u 3 ~lS} .  Now cu3 S  u>3~lS  since this 
would imply that u ~ lS  =  S  which contradicts the choice of i. Thus we must 
have cu3S  =  and u lS =  u>3 ~lS. This implies that oj3tS  =  S,  and so 3* =  0 
(mod n).  Since i >  0 was chosen to be less than n, this says that 3i — n or 
3i =  2n. But then n is divisible by three, a contradiction.
Case 2: Assume {u%S,ui3 S}  =  {u>~3 S , u l ~ 3 S} .  Now u %S  ^  col~3S  since this 
would imply that u~ 3S  =  S  which contradicts the choice of j .  Thus we must
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have cjzS  =  S  and uĵ S =  w%~iS.  As in case 1, this implies that u>3lS  =  S, 
giving us the same contradiction.
Case 3: Assume S}.  Since i ^  j ,  u>~lS  /
uj~iS. Thus we must have u>~lS =  S  and u :>'~'tS  =  u>~iS. This implies that 
u>3tS =  S. As above, this is a contradiction to the condition on n.
Therefore the three edges in the theorem are distinct when n is not divisible 
by three, and so the number of edges in M Q (S)  is a multiple of three. g
E xam p le  1.17. We can use the triples rule to eliminate some graphs as possible 
modified quotient graphs. Suppose n is not divisible by three. The fact that 
the number of edges in a modified quotient graph must be a multiple of 3 can 
eliminate some graphs at a glance. We shall see later that there are some graphs 
which satisfy the triples rule but are not modified quotient graphs. Consider
these graphs as possible modified quotient graphs.
G\ : G2 ' G3 : G4 :
The graph G\  has three vertices and so might be a modified quotient graph 
for n — 4. But there are 2 edges in G\  and so it does not satisfy the triples rule 
and cannot be a modified quotient graph. G2 might also be a modified quotient 
graph for n =  4. It has three edges and so it might satisfy the triples rule. As we 
shall see later, it is indeed a modified quotient graph. G3 is a possible modified 
quotient graph for n — 5. It has six edges, and since it is K 4 it does satisfy the 
triples rule. However, as we shall see later, G3 is not a modified quotient graph.
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For G4, n must be 5. G4 has four edges and so does not satisfy the triples rule. 
Thus it cannot be a modified quotient graph.
The notation T i j  will be used to denote the edges in Theorem 1.6 even 
when n =  0 (mod 3). The three edges may not be distinct in this case. The 
second part of Theorem 1.16, namely
{ ^ S ^ S }  e E ( M Q { S ) )  &
{ u ^ S ^ i - i S }  e  E (M Q (S))  <£> (3)
S)  e E ( M Q ( S ))
does not depend on n not being divisible by three. This holds even if 3 does 
divide n. The following corollary expands the triples rule to the case where 3 
divides n.
C orollary 1.18 (M odified  Triples R u le ). Let n be any natural number 
divisible by 3 and let p  be any prime congruent to 1 modulo 2n. Let luS  be a 
generator of  (Z/pZ)* /S .  The number of edges in M Q (S)  is congruent to either 
0 or 1 modulo 3. Moreover,
|£ (M Q (S ))| =  1 (mod 3) O  €  E(M Q(S)) .
Proof: Let n be any natural divisible by 3 and let p be any prime congruent 
to 1 modulo 2n. From the proof of Theorem 1.16, we know that the edges 
mentioned in (4) are distinct unless u 3tS  — S  and ui~lS — uiJS. This implies 
that 3i =  n  or 3i =  2n, so i =  |  and j  =  — i =  n — ^ or i =  and
j  =  —i =  ^ — x  =  ?• Thus the only “triple” with less than three distinct edges 
is Tn ^>. It is easy to see that there is actually only one edge in T^^_.  All 
of the other edges of M Q (S)  occur in sets of three. Thus if {w t
E (M Q(S)) ,  then \E(MQ(S)) \  =  1 (mod 3). If { w tS  =  u ^ S }  i  E (M Q{S)) ,  
then \E(MQ(S)) \  =  0 (mod 3). |
E xam p le  1.19. It is sometimes not easy to tell whether or not a graph satisfies 
the triples rule or modified triples rule. The real power of these theorems lies in 
the relationship among the edges that make up a given triple. Consider these 
graphs as possible modified quotient graphs.
All of these graphs have five vertices and so we must have n  =  6 . The 
modified triples rule must be satisfied, so we must have the number of edges of 
a modified quotient graph not congruent to 2 modulo 3. Thus G4 cannot be a 
modified quotient graph. We shall see in Example 3.13 that both G1 and G3 
are modified quotient graphs. Note that Gi has 4 =  1 (mod 3) edges and G3 
has 6 =  0 (mod 3) edges. Now G2 has seven edges, and so it may satisfy the 
modified triples rule. However, we will see in Theorem 4.4 that this graph is not 
a modified quotient graph. There is actually no way to label the vertices of G2 
with elements from (Z/pZ)*/ S (p , 6 ) where p =  1 (mod 12) so that the graph 
satisfies the modified triples rule.
Definition: L et G =  (V, E)  b e  a  graph. T h e  degree o f a  v er tex  v £ V , d en o ted  
dc(v),  is th e  num ber o f v er tices  w £  V  such  th a t { v ,w }  £  E.
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The degree of a vertex is the number of vertices to which it is adjacent or 
the number of edges of which it is a member. The subscript G will be omitted 
when the graph is understood.
Corollary 1.20. Let n be a natural number and p a prime congruent to 1 
modulo 2n. In the modified quotient graph M Q(S) ,  d{aS ) =  d(a~1 S) for all 
aS E { Z / p Z Y / S .
P r o o f :  L et ui b e  a  p rim itive  roo t m od u lo  p. To sim p lify  n o ta tio n , le t d a { i )  =  
d c i ^ S ) .  S in ce u> gen erates (Z/pZ)* / S ,  w e on ly  n eed  to  prove th a t dM Q (S)(0  =  
^ M Q { S ) { ~ *) f ° r i =  1 , 2 , . . . ,  n  — 1. Let  i  E  { 1 , 2 , . . .  , n  — 1}. F irst n o te  th a t in  
any tr ip le  T i j ,  a  v er tex  u>l S  occurs in  ex a c tly  th e  sam e num ber o f  ed ges as d oes  
th e  v er tex  u ~ l S .  T h u s djv . (*) =  dy. i (—i )  for all “tr ip les” T i j .  N ow  th e  ed ges  
o f M Q ( S )  are ex a c tly  th e  u n ion  o f som e se t }[=1 o f  tr ip les. T h u s
k k
d M Q ( S ) { i ) =  =  d M Q ( S ) ( ~ i ) -
1 = 1  1 = 1
■
Theorem  1.21 (D egree R ule). Let n >  2 be any natural number and let p 
be a prime congruent to 1 modulo 2n. If b <  2 then the degree of every vertex 
in M Q (S )  is even. I f b >  2, then there are exactly two vertices of M Q (S )  with 
odd degree. These vertices are 2S and 26-15  =  2- 1S\
Proof: Let aS  be a vertex of MQ(S).  Recall from equation (2) that
# L s ( l , a ~ 1) +  # L s (a,b) =  \S\.
b S j ta S
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Consider this equation modulo 2. Since p =  1 (mod 2n) and |5 | =  |5 | is
congruent to 0 modulo 2. Thus we have
# L s ( l , a T 1) +  # L s (a,b) =  0 (mod 2). (4)
bS t̂aS
Now any vertex bS ^  aS  in Q(S)  not adjacent to aS  gives # L s (a ,b )  which is 
even and any such vertex adjacent to aS  gives # L s ( a ,  b) which is odd. Suppose 
6 = 1 .  Then both # ^ 5 (1, a - 1 ) and # L s ( l , a )  are even since 5  is an isolated 
vertex of Q(S).  Then equation (4) becomes
^  # L s ( a , b ) = 0  (mod 2 ). (5)
b S ^ a S  
bS e  V ( M Q ( S ))
Suppose 6 =  2. If 2 £ aS  then aS  =  1 0%S  =  a ^ S  so both # L s ( l ,a - 1 ) and 
# L s (  1, a) are odd. If 2 £ aS  then both # L s {  1, a- 1 ) and # L s ( l ,  a) are even. In 
either case, equation (5) still holds. The sum in (5) is over all vertices of M Q ( S ) 
different from aS. Thus the number of vertices of M Q ( S ) adjacent to aS  must 
be even. Now suppose 6 >  2. Note that 2l'~15  =  2- 1 5  and that 25 26-1 S'. If
aS  ^ {2 5 ,2n -15 }  then we still have both # L s ( l ,  a - 1 ) and # L s ( l , a )  even since 
5  is only adjacent to 25 in Q(S).  Then (5) still holds and so the degree of aS  in 
M Q (S )  is even. If aS  =  25 then # L s ( l ,a )  is odd and # L s { l , a ~ l ) is even, so
Y .  # L s (a,b) =  l  (mod 2). (6)
b S ^ a S  
65 G V (M Q (S ))
Thus the number of vertices in M Q (S )  adjacent to 25 is odd. Corollary 1.20 
then implies that d,MQ^( 2 n~ 1 S) is also odd. |
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C orollary 1.22. Let n be any odd natural number and p any prime congruent 
to 1 modulo 2n. Let k be the number of triples in the modified quotient graph 
M Q(S) .  Then k is odd  i f  2 ^ S' and k is even if  2  6  S.
Proof: Let uj be any primitive root modulo p. Since n is odd and dMQ(5)(a;̂ ’S,) =  
dMQ(S){L0 ~%S) for all cosets a/S', we can count the number of edges in M Q (S )  
in the following way.
n —  1
# E ( M Q ( S ) )  =  Y / dMQ(S)(uJiS )
i= 1
If 2 € S', then each of the degrees in M Q (S)  is even, so the right hand side of 
this equation is even. We must then have an even number of edges in M Q(S) .  
But each triple has an odd number of edges, so there must be an even number 
of triples contained in E(M Q(S)) .  If 2 ^ S', then exactly one of the degrees on 
the right hand side of the equation is odd, so we must have an odd number of 
edges in M Q(S) .  This implies that there are an odd number of triples contained 
in E(M Q (S)) .  ■
2. Quotient Graphs for n  =  q an Odd Prime
For this section, we consider n =  q an odd prime. Recall that for any 
n e  N  and p  =  1 (mod 2n) prime, the quotient group (Z/pZ)*/S (p ,n )  is 
cyclic of order n. In fact, if u> is any primitive root modulo p, uiS generates this 
quotient group. In the case where n is a prime , we can do even better than this. 
In fact, if n =  q is prime and 7  € (Z/pZ)* \  S', then 7 S  generates the quotient 
group. This is true since the order of 7 S' must divide q, and so must be either 
1 or q. In particular, b =  1 or b =  q.
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The vertices of a quotient graph Q(S)  are viewed as labeled vertices, mean­
ing that we can distinguish one from another. They are labeled by the elements 
of the quotient group (Z/pZ)*/S.  As was stated previously, we may always 
choose some uj G (Z/pZ)*  so that we may label the vertices of Q(S)  with the 
labels S,u>S,. . . ,  wn_15\ The choice of u; still leaves some ambiguity in the cor­
responding labels 0 ,1 , . . .  ,n  — 1. However, if 2 ^ 5; that is, if b >  1, we will 
label the vertices of Q(S)  with the canonical labels 5, 25, 22S',. . . ,  2n -15 . This 
takes care of all ambiguity when 2 5 . If 2 G 5 , we still have some ambiguity
in the choice of w, but we can always choose u> to be the least positive primitive 
root modulo p.
The remainder of this section will be devoted to determining which graphs 
can and do occur as quotient graphs of S(p,q)  for small odd primes q. First we 
consider the quotient graphs Q(S(p,q))  for q — 3. We begin by presenting some 
examples.
n =  a =  3
E xam ple 2.1 . First, let us determine Q(S(  19,3)). We can calculate that 
5(19,3) =  {±1 , ±7, ± 8}. Now (Z /19Z )* /S  =  {5 ,2 5 ,4 5 } . We know by the 
5  — 25  rule that 5  is adjacent to 25  but not to 45  in Q(S).  Thus the only edge 
not yet determined in Q(S)  is {25 ,45}. Now 25 =  {±2, ±3, ± 5}. # L s (4 ,2 )  =  
# { z  G 25 : 4 — z G 5 } . Thus we have # L s ( 4,2) =  # {3 , —3,5}. Since # L s ( 4,2)
is odd , { 2 5 ,4 5 }  G E (Q (S )) and  so < 2 (5 (1 9 ,3 ))  is th e  fo llow ing graph.
5  2 5  4 5
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Recall that this graph is also Q(S(7,3)). It is easy to check that Q (5(13,3)) is 
also this graph. Now we will find Q (5(31 ,3)). 5(31,3) =  {±1, ±2, ±4 , ± 8 , ±15}. 
We have (Z /31Z )* /S  =  {5 ,3 5 , 95}. Since 2 G 5 , the 5 - 2 5  rule tells us that 5  is 
adjacent to neither 35 nor 95  in Q(S). Now 35 =  {±3 , ± 6 , ±7 , ±12, ±14}. Then 
# ± 5 (9 , 3) =  # { —6 ,7, —7, —14}. Since # ± s ( 9,3) is even, the edge {3 5 ,9 5 } is 
not an edge of Q(S).  Thus Q (5(31 ,3)) is the totally disconnected graph on 
three vertices.
Let p be a prime congruent to 1 modulo 6 and let w be a primitive root 
modulo p. Q (S ) is then a graph on three vertices. The 5  — 25  rule tells us that 
5  is an isolated vertex if 2 G 5  and is adjacent to 25  if 2 ^ 5 . But the degree 
rule says that d(u>S) is even if 2 € 5 , so in this case only the totally disconnected 
graph (t.d.(3)) may occur as Q(S).  The degree rule also says that if 2 ^ 5 , then 
d(2S) is odd in M Q(S) .  Thus the only quotient graph if 2 ^ 5  is this graph.
N ota tion : In the following, the totally disconnected graph on n vertices will be 




will be denoted Ln and will be referred to as a “line” on n vertices.
T h eorem  2.2. Let p be any prime congruent to 1 modulo 6 . Then
if  2 i  S 
if  2 e  S
where ±3 is the following graph.
S 25 45
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This theorem follows from the above argument. The next corollary is a 
direct consequence of the definition of a quotient graph and Theorem 2.2.
C orollary 2.3. Let p be any prime congruent to 1 modulo 6 . Suppose a,b E 
(Z/pZ)* and aS(p, 3) ±  bS(p,3). Then
E xam p le  2.4. (1) Consider the equation 3X 3 +  7Y3 =  1 over the finite field 
Z/19Z. Then we have n =  3 and p  =  19. In order to determine the parity of the 
number of solutions, (X 3, Y 3) E S  x S, to this equation, we need to know Q (S )
3 E 2S,  and 7 E S. Also, 2S ^  S. Thus we know that there are an odd number 
of solutions ( X 3 , Y 3) E S  x S  to 3 X 3 +  7Y3 =  1. So the number of solutions to 
3X 3 +  7Y3 =  1 in (Z/19Z)* x (Z/19Z)* is congruent to 9 modulo 18.
(2) Consider the equation 6AT3 +  5Y3 =  1 over Z/31Z. As we saw in 
Example 2.1, Q (5(31,3)) =  t.d.(3). Also we can tell from that example that 
6 E 35 and 5 E 9S. Since 65  ^  5S, Q (S ) being t.d.(3) tells us that there are an 
even number of solutions ( X 3 , Y 3) E S  x S  to 6 X 3 + 5 Y 3 =  1. Thus the number 
of solutions to 6AT3 +  5Y3 =  1 in (Z/31Z)* X (Z/31Z)* is congruent to 0 modulo 
18.
(3) Consider the equation 9 X 3 +  11Y3 =  1 over Z/1372Z. Now 2 =  387 
(mod 1327), so 2 E 5(1327,3). Thus Q(S)  =  t .d.(3). We can also find that 
95  7̂  115. Then since {95 ,115} ^ E(Q(S))  we know that there are an even
(mod 2) if  2 ^ 5  
(mod 2) if  2 E S  '
and which cosets contain 3 and 7. From Example 2.1 we know that Q(S) =  L 3 ,
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number of solutions ( X 3 , Y 3) £ S x S  to 9X 3 +  11Y-3 =  1. Thus the number of 
solutions to this equation in (Z/1372Z)* x (Z/1372Z)* is congruent to 0 modulo 
18.
n  —  Q — 5
Now we consider the case q =  5, letting p  be any prime congruent to 1 
modulo 10. We know Q(S)  is a graph on five vertices, so M Q (S )  is a graph 
on four vertices. First we consider which graphs can occur as modified quotient 
graphs in each of the two cases 2 £ S  and 2 S. In either case we start off 
with 2 (2) possible modified quotient graphs; that is, all possible graphs on four 
vertices. Now 3 does not divide 5, so we may apply the triples rule. Recall that 
we fix a generator, uiS of (Z /pZ )* /5 . Then the triples for q =  h are
T if2 =  { { l ,2 } ,{ l ,4 } ,{ 3 ,4 } }  and 
T ii3 =  { {1 ,3 } ,{2 ,4 } ,{2 ,3 }}  .
Note that each edge { i , j }  appears in exactly one of these two triples. Thus we 
only need to determine if each of these triples occurs in MQ(S) .  This gives us 
four possibilities for M Q(S) .  The following argument does not depend on the 
chosen generator, ujS.
Suppose 2 £ S(p, 5). Then Corollary 1.22 implies that we must have both 
T i;2 and Ti^ in E (M Q (S))  or neither of them. If both triples are in E (M Q (S ))  
then d(u>S) =  3 is odd for all ojS  /  S. This contradicts the degree rule. Thus if 
2 £ S(p, 5), neither triple occurs in E (M Q (S))  and so Q (S ) is t.d.(5).
Suppose 2 ^ S(p, 5). Then the Corollary 1.22 implies that one and only 
one of the two triples is in E (M Q(S)) .  In this case we are choosing u> =  2 . If
Ti ,2 =  E (M Q (S ))  then d(22 S) =  1, which contradicts the degree rule. Thus 
E (M Q (S))  =  Th3.
T h eorem  2.5 . Let p  he any prime congruent to 1 modulo 10. Then
Proof: From the above, we see that if 2 € S  then Q(S) — t.d.(5). Also if 2 £  5  
then E (M Q (S ) )  =  This means that the the quotient graph is the graph
E xam p le  2 .6 . Given a prime p =  1 (mod 10), we will determine Q(S(p,  5)). 
We need only determine whether or not 2 is in S(p, 5) in order to determine 
Q(S(p,  5)). (1) 5(11,5) =  {±1} so Q (5 ( ll ,5 ))  =  T5, the graph shown
above. (2) 5(31 ,5) =  {±1 , ±5, ± 6}, so Q (5(31 ,5)) =  Ls . (3) We can find 
that 2 £ 5(151,5) and so Q (5(151,5)) =  t.d.(5).
The next corollary is a direct result of Theorem 2.5 and the definition of a 
quotient graph.
C orollary 2.7 . Let p be any prime congruent to 1 modulo 10. Let a and 
b be elements of (Z/pZ)* such that aS(p, 5) ^  bS(p, 5). If 2 €  S(p, 5), then 
# L s ( a , b ) =  0 (mod 2). Also if  2 £ S(p, 5) and a e  2*5 and b €  2J5, then
When Q(S) is L$, its vertices are labeled as in this graph.
S 25  235  225  245
shown in the theorem. ■
(mod 2) if  {i, j }  € T i,3 U {0,1}  
(mod 2) otherwise.
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E xam p le  2.8. (1) Consider the equation 2 X 5 +  5Y 5 =  1 over Z/11Z. In 
Z/11Z, 2 i  5  and 5 =  24, so 5 G 245(11,5). Now Q(S(  11,5)) =  L 5 and 25  is 
not adjacent to 245  in this graph. Hence there are an even number of solutions 
( X 5 , Y 5) G 5  x 5  to 2 X 5 +  5Y 5 =  1, and so the number of solutions to this 
equation in (Z/11Z)* x  (Z /11Z)* is congruent to 0 modulo 50.
(2) Consider the equation 5 X 5 +  2 Y 5 =  1 over Z/31Z. From Example 2.6, 
we know that 5 € 5(31,5) but 2 g 5(31,5). Since 55  =  5  is only adjacent to 
25  in Q (S ) =  L$, we know that {55 ,25} G E(Q(S)) .  Thus there are an odd 
number of solutions (X 5,F 5) G 5  x 5  to 5X 5 +  2F 5 =  1, and so the number 
of solutions to this equation in (Z/31Z)* x  (Z/31Z)* is congruent to 25 modulo 
50.
(3) Consider the equation 2 X 5 +  37Y 5 =  1 over Z/151Z. From Example 
2.6, we know that 2 G 5(151,5) and we can find that 37 ^ 5(151,5). Since 
2 G 5 , we know Q(S) =  t.d.(5). Thus {25 ,375} ^ E(Q(S)) ,  and so there are an 
even number of solutions (X 5, Y 5) G 5  x  5  to 2 X 5 +  37Y 5 =  1. The number of 
solutions to this equation in (Z/151Z)* x (Z/151Z)* is congruent to 0 modulo 
50.
n — a =  7
As we will soon see, determining the quotient graphs for larger values of q 
is not as easy as it was for q =  3 and q =  5. We start this determination for 
q =  7 with the Lemmas 2.9 and 2.10, which significantly reduce the number of 
possible quotient graphs.
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L em m a 2.9. Let p be any prime congruent to 1 modulo 14. If 2 S, then
M Q (S )  is one o f  the four graphs determined by
Tl,4
T i ,2 U L i ,3 U T2,4 
L i,2 u  Lj.,5 U T2,4
Li ,3 u r 1>4 u Ti )5
P r o o f : We want to know which quotient graphs may occur as M Q (S )  for some 
prime p  =  1 (mod 14). Since 3 does not divide 7, we can apply the triples rule 
to eliminate some of the 2^2) =  215 graphs on six vertices. The triples for q — 7 
are
L i,2 = { { 1 ,2 } ,{ 1 ,6 } ,{ 5 ,6}},
Li ,3 ={{1,3},{2,6},{4 ,5}},
Lx,4 = { { 1 ,4 } ,{ 3 ,6} ,{3 ,4 }} ,
Lj.,5 = { { 1 ,5 } ,  {4 ,6}, {2 , 3}}, and
T2,4 = { { 2 ,4 } ,{ 2 ,5 } ,{ 3 ,5 } } .
Note that every possible edge of M Q(S)  is in exactly one of these triples. Now 
we need only decide whether or not each triple occurs in a possible M Q(S).  Thus 
there are now only 25 possible modified quotient graphs. Let E  =  E(M Q(S)) .  
Suppose 2 ^ S'. Then there are an odd number of triples in E (M Q(S)) .  Recall 
that we will use 2S  as the generator of our quotient group in this case. If there 
is exactly one triple in this edge set, it must be T i,4 since each of the others 
would leave at least one vertex other than 2S  and 2- 1S' with degree 1, violating 
the degree rule. If all five triples were in E,  the degree of every vertex would 
be 5, again violating the degree rule. Suppose there are exactly 3 triples in E. 
Assume Ti,2 C E. The degree rule states that d(21 S) is odd. Thus we can 
have only one of Ti,3, Li,4, and 2\,5 in the edge set and so we must have 22,4 
in the edge set. If E  =  U Li,4 U L2 4 , then d(22 S) =  3, which contradicts 
the degree rule. Thus we may have only the two graphs listed in the lemma.
E (M Q (S ))  =
Assume <£ E.  Then d(2S) being odd forces us to choose the three triples
Ti,3 ,Ti,4, and Ti^. This proves the lemma. 1




2 2 5 2 5S 2  S 2 3 5
,2  3 3 ,2 3S
2 5 5, ,22 5 25 ,22 5
265 245 25 5  245  265
L em m a 2.10. Let p be any prime congruent to 1 modulo 14. If  2 €  3,  then 
M Q ( S )  is one of the four graphs determined by
where E ( K q) is the edge set of the complete graph on six vertices.
P r o o f  : The first part of the proof of Lemma 2.9 applies in this case as well. 
That is, the triples under consideration are the same and so we have only 25 
graphs which might be modified quotient graphs. Suppose 2 E 3  and let E =  
E (M Q (S )) .  Now there are an even number of triples in E. Suppose there are 
exactly four triples in E. Then we must simply decide which triple we may omit. 
Let u> be any generator of our quotient group. We want d(u}%S) to be even for 
all i. In particular, d(u>S) =  d (l) must be even. Hence we can omit neither T\$
E (M Q (S))
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nor T2,4. If we omit T \^ then d(3) =  d(u>3 S) =  3, contradicting the degree rule. 
Thus the only possibilities of M Q(S)  with exactly four triples in E  are the two 
listed in the lemma. Suppose there are exactly two triples in E. If one of 
T\ 4, and is in E,  there is no way to pick a second triple so that the degrees
of all the vertices are even. Thus the only possibility is E =  T\$  U T\$.  We 
cannot eliminate the graph with E  =  0. Thus the four remaining possibilities 
for M Q (S )  are those listed in the lemma. §
The argument in the proof of this lemma does not depend on the choice of 






E xam p le  2.11. From the last two lemmas, we can see that Q(S(p,  7)) is com­
pletely determined by whether or not the edges {u>S, a;2^} and {wS', a;3 S'} are 
in E(Q(S)).  The choice of the generator, uS,  of (Z /pZ)* /S  does not matter.
(1) We will determine Q(S(29,7). First note that 2 is the least positive 
primitive root modulo 29. Thus we know 2 ^ 5  and (Z /29Z )* /S  =  {2*S'}®_1.
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Now 5(29,7) =  {± 1 ,± 1 2 } . The edge { 2 5 ,225 }  is an edge of Q(S)  if and 
only if # L s ( 4,2) is odd. Now 25  =  {± 2 , ± 5} and so # L s ( 4,2) =  # { z  G 
2 5  : 4 — z G 5 }  =  # { 5 } . Thus {2 5 ,225 }  G E(Q(S)) .  Similarly, we know 
{ 2 5 ,235 }  i  E(Q(S)).  So Tlf2 C E(Q(S))  and Th 3  % E(Q(S)).  Lemma 2.9 
then says that M Q (S)  is the following graph. Q(S)  is this graph with the added 
vertex 5  and the added edge {5 ,2 5 } .
25
(2) Now we will determine Q(5(631, 7)). The least positive primitive root 
modulo 631 is 3. Now 2 =  398, so 2 G 5(631,7). In this case, 5  has 90 elements 
which we can determine by finding 37t for i =  1 to 90. We take u> =  3 and so 
we need to know # L s ( 9,3) and # L s ( 27,3). Now both L,5(9 , 3 ) and L s ( 27,3) 
have an even number of elements. So neither {3 5 ,9 5 }  nor {35 ,275} are edges 
in Q(S).  By Lemma 2.10 we can see that Q (S ) must be the totally disconnected 
graph on seven vertices; i.e., E(Q(S))  =  0.
It is easy to check that the quotient graphs given in the above examples are 
the only ones that can actually be realized for primes p  <  500. Theorems 2.12 
and 2.17, due to P.E. Conner, will help us to find an exact list of the graphs 
which occur as quotient graphs for q =  7 (see [CH2]). They will also help us to 
find “short” lists of possible quotient graphs for larger values of q (or n). Note 
that these theorems do not depend on n being prime.
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T h eorem  2.12. Let n be any natural number and let p be a prime number 
congruent to 1 modulo 2n. Let M  be the Redei matrix of the quotient graph 
Q(S).  If 2 € S', then M  is an idempotent matrix over F 2.
C orollary 2.13. Let n be any natural number and let p be a prime number 
congruent to 1 modulo 2n. The Redei matrix of M Q (S)  is idempotent if  2 G S.
Proof: The entries in the first row and first column of the Redei matrix of Q(S)  
are all zero. Thus when we delete this row and column, we do not change the 
idempotent property of the matrix. 1
D efin ition: A graph G  is an idempotent graph if the Redei matrix associated 
with G  is idempotent.
Note that by this definition, a graph, G, on a finite set of vertices is idem- 
potent if and only if (1) G is an Eulerian graph, and (2) the number of common 
neighbors to a distinct pair of vertices is odd if and only if the vertices are joined 
by an edge.
Let e\ 1 denote the n x n  matrix with 1 in the first row, first column and 
0 everywhere else. Given a quotient graph Q(S) and its Redei matrix, M ,  let 
a ( X )  =  a]tf(X) — det( M  +  e\ 1 +  X I); that is, «m (X ) is the characteristic 
polynomial of the matrix M  +  e 11. From the definition of this polynomial, we 
know some things about its coefficients. This polynomial is taken over the field 
F 2. Since it is the characteristic polynomial of an n x n matrix, it is monic of 
degree n. Also, the trace of the matrix is always 1, so the coefficient of a;”-1  is 
always 1. We will now add some observations about other coefficients of otM(x)-
P ro p o sitio n  2.14. Let n be any odd natural number. Let a(x) be the charac­
teristic polynomial of the modified Redei matrix, M  +  e u  =  (dij),  o fQ (S ) ,  say 
a (x ) =  J27= 1 b%x\ Then 6n_ 2 =  0.
Proof: Prom the definition of the determinant,
b n - 2  =  Y  ai j  ' aj i  =  Y  d i j  =  # E (Q (S ) ) .
1 <i<j<n 1 <i<j<n
Let u>S be any generator of the quotient group (Z /pZ )*/S . Then we have
Y  dMQ(S)(vZS) +  dQ(S)(S)
i=l
Now djvfQ(5)(w*S) =  dMQ(S){U) ZS) for all i. Thus if n is odd we have 
bn- 2  =  t; ^2 ^  dMQ(S){v%S)
n —  1 
2
=  Y >  d MQ( S) ( uZS )  +  d Q(S) (S)  
i= 1
If 2 G S  then S  is isolated and so g?q(5)(S) =  0. All other vertices have even
degree. Thus &n_ 2 =  0. If 2 £ S, then dQ(s){S) =  1 and dMQ ^ ( 2 S )  =  
dMQ(S){2- 1S) is odd. Only one of the two vertices 2S  and 2-1 S appears in the
last sum, so again &n_ 2 = 0 . £
P ro p o sitio n  2.15. Let n be any even natural number. Let a(x) be the char­
acteristic polynomial of the modified Redei matrix, M  +  eu  =  (dij),  of Q(S),
say a(x)  =  bix \  Then
S) +  1 if  2  £ w? S  
5 dMQ(S)(UJ% S) otherwise.
+  dQ(S)(S)
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Proof: Let luS be any generator of the quotient group (Z /pZ)*/S .  Then as 
above we have
1 n—1
b n - 2 =  9  d M Q t s f a ' S )  +  d , Q ( S ) { S ) -  
1 = 1
But then this gives us
L ^ J  x
b n - 2 =  XZ d M Q w iv 'S )  +  -dirfQ^s)^* S) +  d,Q(S)(S).
Recall that c?mq(5)(w^ S)  is always even. Now we have three cases. First, if 2 £  5  
then all the degrees are even so bn - 2 =  2^mq(5)(w ^ ) '  Second, if 2 £ S  then 
dQ(s)(S) =  1 and all the other degrees are even so 6n_ 2 =  §d,MQ(s)(UĴ +  1- 
Third, if 2 is in neither of these cosets, then d Q ^ ( S )  =  1 and exactly one of the 
terms in the sum is odd so b n - 2  =  \ d , M Q ( S ) { U}^: § ) •  9
Proposition  2.16. Let n be any natural number. Let a ( x ) be the characteristic 
polynomial of the modified Redei matrix, M  +  eu  =  (ciij), o fQ (S) ,  say a(x) =  
53L i bix*. Then
b _  f fe„_2 i f  2 e  5  or 25  =  2"15
n-3  \  &n-2  +  1 otherwise.
Proof: Recall that 6„_2 =  # E (Q (S ) ) .  Note that the modified Redei matrix
has exactly one 1 on the diagonal. Without loss of generality we may assume
ai 1 =  1 °r ann =  1, where the n — row is the row corresponding to the vertex
2-1 5  in Q(S). Now a n  — 1 if and only if 2 £ 5 . Consider the coefficient of
x n ~ 3 in a(x).  Suppose 2 € 5 . By the definition of determinant this coefficient
must be
b n —3 ~  ^   ̂ ^  'J (®» jO>j k ^ k  i  "I- k& j i ^ k  j )•
2 <i<i<n l<i<fc<jf<n
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The first summation comes from the product of all diagonal elements except the 
i — and j  — , using the 1 from x +  1 in the first diagonal element. The second 
summation comes from the product of all the x ’s on the diagonal except three. 
But then since (a i j ) is a symmetric matrix, this gives us
bn- 3 =  Y ,  aii  =  # E ( Q ( S ))  -  dQ(S)(S) =  # E ( Q ( S )) =  6b_ 2.
2 < i < j < n
Now suppose 2 $ S. Then we have ann =  1 and so we have
3 :=:: ^   ̂ Ct i j d j i  +  ^   ̂ { d i j & j k & k i  "I” id*k j  )•
l< i< j< n —1 l<i<fc<j<n
As above, this implies that
bn - 3  =  Y  a i i  =  # E ( Q ( S ) )  -  d c x s ^ - ' S ) .
If 2-1 5  ^  25 , then dq^s)(2—1 -S') is odd so 6n_ 3 =  6n_ 2 +  1. If 2-1 5  =  25, then 
^ (S ) !2 -1 ^) is even so bn _ 3 =  6n_ 2. |
The next theorem gives a condition which involves the polynomial ocm(x ) 
for a matrix, M,  to be the Redei matrix of a quotient graph [CH2].
Theorem  2.17. Let n be any natural number and let p be a prime number 
congruent to 1 modulo 2n. Suppose 25 generates the quotient group (Z / p Z ) * /S . 
Let M  be the Redei matrix of the quotient graph Q(S).  Then ocm(X) is an 
irreducible polynomial over F 2. Moreover, there can be at most one quotient 
graph Q(S) which yields a given characteristic polynomial a (X ) .
Corollary 2.18. Let n be any natural number and let p be a prime number 
congruent to 1 modulo 2n. Suppose 25  generates the quotient group (Z /pZ)*/S .  
Then Q(S) is connected.
72
Proof: If there were two connected components in Q(S),  then after a series of 
row and column interchanges, leaving the first row and column fixed, the Redei 
matrix, M ,  of this graph would be of the form £).  Then cxm(X) would be 
cxa( X )  • det(B  +  IX ) ,  and so would not be irreducible. |
Now we continue with the case q =  7.
Theorem  2.19. Let p be any prime congruent to 1 modulo 14.
Q ( S ( p J ) )  -  d .(7) i f  2 £  S
where G 7 is the graph with E(Q(S)) — {0,1} U U U T ^ .
Proof: Let p be any prime congruent to 1 mod 14. Let S  =  S(p,7)  and let 
E  =  E (M Q(S)) .  Let M  be the Redei matrix of Q(S).  If 2 S, the only four 
possible modified quotient graphs are those listed in Lemma 2.9. If E — T\^ 
then d,Q(s){%2 S) =  0, contradicting Corollary 2.18. Thus this cannot be the
modified quotient graph. If E  =  Ti^ U Ti^ U then
1 1 0 0 0 0 0
1 0  0 1 1 1 0  
0 0 0 1 0 0 1
M  =  0 1 1 0  1 0  1
0 1 0  1 0  1 1
0 1 0  0 1 0  0
0 0 1 1 1 0  1
and ccm(x) =  x 1 +  xG +  x4 +  1 which is reducible and can be factored over F 2 as 
(x +  l ) (x 2 + £  +  l)(a:4 + x z + 1 ). This contradicts Theorem 2.17, so this cannot be 
the modified quotient graph. Similarly, we can find that if E  =  Ti^ U T13 U T24 
or E  =  T i t2 U U T-2,4 , then otM(x) =  x 7 +  x6  +  a;4 +  x +  1. Now Theorem 
2.17 implies that only one of these last two possible modified quotient graphs
can occur as M Q(S) .  As we see from Example 2.11, the graph with edge set 
{0 ,1} U T i,2 U T\$  U T2j4 is the quotient graph Q(S (29,7)). Thus this is the 
only quotient graph which occurs as Q(S(p , 7)) if 2 £ S. Now we consider the 
case where 2 £ S. We need to consider the four graphs given in Lemma 2.10 as 
possible modified quotient graphs. If E — Ti^ U T\$  then
•o 0 0 0 0 0 0-
0 0 0 1 0 1 0
0 0 0 1 0 0 1
0 1 1 0 0 0 0
0 0 0 0 0 1 1
0 1 0 0 1 0 0
.0 0 1 0 1 0 0.
This is not an idempotent matrix. Similarly, the Redei matrices associated with 
the quotient graphs determined by E  =  E (K q ) \  and E  =  E(Kq) \  T%t3 are 
not idempotent. Thus the only quotient graph Q(S(p,  7)) if 2 E S(p,7)  is the 
totally disconnected graph on seven vertices. |
The graph Gf  can be drawn in the following way.
2 S
C orollary 2 .20. Let p be any prime congruent to 1 modulo 14. Let a and b 
be elements of  (Z/pZ)* such that aS  ^  bS. If 2 £ S(p, 7) then # L s (a ,b )  =  0 
(mod 2). If 2 £ S(p, 7), a E 2lS(p,7),  and b E 2J5'(p, 7), then
4 k T c ( n b \ = l ^  (mod 2) e  i 0’ 1) U ^ 1,2 U T ii5 UT2)4
’ ( 0  (mod 2) otherwise.
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Corollary 2.20 follows directly from the definition of the quotient graph and 
Theorem 2.19.
E xam p le  2.21. As we see from Example 2.11, 2 ^ 5(29,7). Consider the equa­
tion 2 X 7 +  4Y7 =  1 over Z/29Z. We found that # L s { 2,4) =  1 (mod 2) and so 
the number of solutions in (Z/29Z)* x (Z/29Z)* to this equation is congruent to 
49 modulo 98. Now consider the equation 9 X 7 +  27Y7 =  1 over Z/631Z. Since 
2 G 5(631, 7) and 95  ^  275, we know that # L s ( 9 , 27) =  0 (mod 2). Thus the 
number of solutions to this equation in (Z/631Z)* x (Z/631Z)* is congruent to 
0 modulo 98.
We have a complete list of the quotient graphs which occur for q — 3, 5, 
and 7. We continue with q =  11. 
n  =  q =  11
We now turn our attention to the quotient graphs which occur for q — 11. 
First note that 3 does not divide 11, so we may apply the triples rule. These are
the triples for q — 11.
T l ,2 =  {{1 ,2}, {1,10}, {9 ,10}} Tia =  { {1 ,3 } ,{2 ,1 0 } ,{ 8 ,9 }}
Tia =  { {1 ,4 } ,{ 3 ,1 0 } ,{ 7 ,8}} Tia =  { {1 ,5 } ,{4 ,1 0 } ,{ 6 ,7 }}
Tifi =  { {1 ,6 } ,{ 5 ,1 0 } ,{ 5 ,6 }} Tl,7 =  {{1 ,7}, {6,10}, {4 ,5}}
Tl, 8 =  { {1 ,8 } ,{7 ,1 0 } ,{3 ,4 }} Tifi =  { {1 ,9 } ,{ 8,1 0 } ,{2 ,3 }}
T2 A =  {{2 ,4}, {2 ,9}, {7 ,9}} T2 A =  { { 2 ,5 } ,{ 3 ,9 } ,{ 6 , 8 }}
^2,6 =  { {2 ,6} ,{4 ,9 } ,{ 5 ,7 }} T2,7 =  {{2 ,7}, {5,9}, { 4 ,6 }}
^2,8 =  { {2 ,8} , { 6 ,9 } ,{3 ,5 } } Tza =  { {3 ,6} ,{ 3 ,8} ,{ 5 ,8 }}
^3,7 =  {{3 ,7}, {4 ,8}, {4 ,7}}
Note that each possible edge of M Q (S )  occurs in exactly one of these triples. 
Let p  be any prime congruent to 1 modulo 22. As before, we use the 5  — 25  
rule to divide our discussion into two cases: 2 G 5  and 2 ^ 5 .  Then we can use 
the triples rule and the fifteen triples above to decrease the number of possible
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modified quotient graphs in each of these cases to 215. We can then use the 
degree rule to further decrease this number. This has been done with the help of 
a simple computer program, and in each case there are 210 =  1024 graphs which 
satisfy the triples rule and the degree rule. Tables A .l and A.2 in Appendix A 
are lists of these graphs.
If 2 € S  we may apply Corollary 2.13 to eliminate some of the 210 possi­
ble modified quotient graphs. This amounts to checking if the Redei matrices 
associated with the graphs are idempotent. This has also been done with the 
help of a computer program. Doing this, we find that the only possible modified 
quotient graphs which satisfy the triples rule, the degree rule, and Corollary 2.13
are those with one of the following edge sets.
E ( M Q ( S )) =  0
E (M Q (S ))  =  Kiq \  ( T i j  U Ti^ U T i,7 U T2is U T2i7)
E ( M Q ( S )) =  Kio \  (Tlt5 U T1)8 U T i,9 U T2,6 U T2,8)
This shows that the idempotency condition of Theorem 2.12 is a very strong
condition and gives us the following proposition.
P ro p o sitio n  2 .22. Let p be any prime congruent to 1 modulo 22. If  2 G
S(p, 11), then M Q ( S ) is one of the three graphs determined by
' 0
E ( M Q ( S )) =  E ( K iq) \  (Ti,3 U Tm  U T1i7 U T2,5 U T2j7)
, E ( K iq) \  (Tit5 U Ti)8 u  t 1)9 u  t 2>6 u r 2)8) .
Recall that in defining the triples Ti j ,  we first chose a generator, to, of the 
quotient group (Z/pZ)*/S .  Then we have
T i J  =  {{*»i} , {—*-J 
=
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Thus the triples actually depend on the choice of u>. However, no matter which u> 
is chosen, the only graphs which can be M Q ( S ) are the three in the proposition. 
As an illustration, consider the following example.
Exam ple 2.23. We take p =  331 and q =  11. Note that 331 is the smallest 
prime congruent to 1 modulo 22 with 2 6  S'. The least positive primitive root 
modulo 331 is 3. Let u  =  3. Then 5  =  {±1, ±2, ±4, ± 8 , ±16, ±31, ±32, ±62, 
±64, ±75, ±83, ±124, ±128, ±150, ±165}. Thus 35 =  {±3 , ± 6 , ±12, ±24, ±48, 
±93, ±96, ±145, ±139, ±106, ±82, ±41, ±53, ±119, ±164}. The existence of the 
edge {1,2} (or {3 5 ,9 5 }) in E(M Q{S))  is determined by the number of elements, 
a, of 35 such that 9 — a is in 5. Now there are exactly three such elements: 41, 
—53, and —119. Thus the edge {1,2} is in E ( M Q ( S )), and so T ii2 C E(M Q(S)) .  
Similarly, we can find that {1,3} ^ E (M Q(S))  and so T\$  <]L E (M Q(S)) .  Thus 
the modified quotient graph M Q(S)  is the graph with
E (M Q (S ) )  =  E(Kio) \  (TXi3 U T1a U T1>7 U T2,4 U T2,7).
Now we change our choice of u>. Let ui =  25 G 3-1 5  =  3105. Since gcd(10,11) =  
1 this choice of u> also generates the quotient group (Z/pZ)* / S. Then the edge 
{1,2} is {2 5 5 ,2525 }  and the edge {1,3} is {255 ,2535}. In this instance we can 
determine that both {1,2} and {1,3} are in E(M Q(S)) .  Thus M Q (S)  must be 
the graph with E ( M Q ( S )) =  E ( K l0) \  (T i,5 U T i,8 U T i,9 U T2,6 U T2,8). But this 
must be the same graph we found with u> — 3. Note that 255 =  3105, so we 
have 25*5 --- 3- i 5  for all i. Using this fact we can see that the two graphs above 
are actually isomorphic under the map totS  t-> u>~lS. The labels on the graphs
just appear to be different at first glance. The edge complement of the graph is
shown below with each of the two labelings.
6 10 3 5 1 8
4 1 7 10
The graph M Q (S )  is very interesting since it is a regular, idempotent, 
connected graph on an even number of vertices.
C orollary 2.24. Let p be any prime congruent to 1 modulo 22. Let r be the 
least positive primitive root modulo p. B y  choosing u> — r or u  =  r - 1 , M Q(S)  
is one of the two graphs determined by
E ( M Q ( S )) =  |  E {K w )   ̂ (Ti>3 u ^  y  ^  7 [J ^  u ^  .
Proof: Note that if u> generates the quotient group (Z / p Z ) / S  then so does u ~ l . 
If we get the third graph listed in Proposition 2.22 when we let uj =  r ,  then we 
can simply choose u  =  r _1  to get the second modified quotient graph from this 
corollary. g
There are only three primes less than 2000 congruent to 1 modulo 22 for 
which 2 G S. None of these gives us the totally disconnected graph for MQ(S).  
This leaves the question of whether or not t.d.( 11) actually occurs as Q(S(p,  11)) 
for some p =  1 (mod 22) unanswered.
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Now we turn our attention to the case where 2 ^ S(p, 11). Recall that in this 
case we have the canonical generator u  =  2 for the quotient group (Z/pZ)*/S'. 
As was stated previously, we have 210 graphs which satisfy the triples rule and 
the degree rule. Apply Theorem 2.17 to reduce this number. It is a little 
difficult to calculate the polynomials olm{x ) for the Redei matrices of all these 
graphs, but this can be made easier with the help of a computer. Calculating the 
polynomials o l m { x )  for all of the remaining possible quotient graphs, we obtain 
the next result.
P ro p o sitio n  2.25. There are at most twelve graphs which occur as Q(S(p,  11)) 
for primes p =  1 (mod 22) with 2 ^ S(p, 11).
Proof: Let p  be any prime congruent to 1 modulo 22 with 2 ^ S(p, 11). Cal­
culating ccm(x ) for each of the 210 possible quotient graphs, we see that only 
twelve irreducible polynomials occur. These are those polynomials.
X 1 + a;10 + X8 + X7 + X6 + X5 + X4 + X2 +
X 1 + a;10 + X8 + X5 + X2 + X +  ]
X 1 + a:10 + X8 + X4 + X3 + X2 + 1
X 1 + a:10 + X8 + X7 + X6 + x 5 + X4 + X3 +
X 1 + a:10 + X8 + X5 + X3 + X2 + 1
X 1 + x 10 + X8 + X7 + X6 + X3 + 1
X 1 + a;10 + X8 + X7 + X6 + X4 + X3 + X +  1
X 1 + X10 + X8 + X3 + X2 + X +  ]
X 1 + X10 + X8 + X7 + X6 + X4 + X2 + X +  1
X 1 + X10 + X8 + X +  1
X 1 + X10 + X8 + X7 + X6 + x 5 + X2 + X +  1
X 1 + X10 + X8 + X7 + X6 + X5 + 1.
Since there can be at most one quotient graph which yields each of these poly­
nomials, we have at most twelve graphs which may be the quotient graph
Q(S(p,  11)) if 2 ^ S(p, 11). ■
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Exam ple 2.26. (1) Take p  =  23. Then 5(23,11) =  {± 1 }, so 2 g 5. The
circulant graph T(5) is regular of degree 2. We are labeling the vertices of
Q ( S ) with {*}J£o representing the cosets {2l5}}£0. Using these cosets and the
circulant graph, we can find that Q ( S ) is the following graph.
0 1 8 2 6 9 4 3 5 7  10
i. $  i —Q  —i— — -  - Q       Q  i i M 0  0 .................... .......0 . ^  0 .......... 0
This is the graph with edge set {0,1} UTi,8 UT^g UT2 3 . The polynomial ozm(X)  
related to this graph is X n  +  X 10 +  X s ±  X 4 +  X 3 +  X 2 ±  1.
(2) Take p =  67. Then 5(67,11) =  {±1 , ±29, ±30}. Checking to see if one 
edge of each of the triples is in E(MQ(S) ) ,  we can find that
E(Q(S) )  =  {0 ,1} U T i,5 U Ti)6 U T1i7 U T24 U T2$ U T2,s U 73 ,7.




The polynomial a M(X)  related to Q(S)  is X 11 +  X 10 +  X 8 +  X 5 +  X 2 +  X  +  1.
(3) Take p =  199. Then we can again compute 5  and check to see which 
triples have an edge in E(MQ( S) ) .  We find that
E(Q(S) )  =  {0,1} U T i,2 U U T it4 U T ij  U Ti,g U 7i,g U 72,5 U T2,6 U T2$.
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The polynomial ccm(X) related to Q ( S ) is X 11 + X 10 +  X 8 +  X 7  + X 6 + X 5 + 1 .
The above examples realize the only quotient graphs which occur for primes 
p  less than 1500 with 2 ^ S'. They also show which quotient graphs yield the 
polynomials a:11 +  x 10 +  x 8 +  x 5 +  x 2 +  x + 1 , x 11 + x 10 +  x 8 +  x 4  +  x 3 +  x 2 + 1, and 
x 11 + x 10 -|-x8 + x 7 +  xe +  x 5 + 1 . It is likely that the three quotient graphs in this 
example are the only ones which actually occur as Q(S(p,  11)) when 2 £ S(p,  11). 
n  =  a  =  13
Consider q =  13 and p congruent to 1 modulo 13. Here we will consider 
only those primes, p, such that 2 E S(p,  13). As before, we may apply the triples 
rule. These are the triples for q =  13.
?1,2 =  { { 1 , 2 } , { 1 , 12} , { 11 , 12} } T l,3 =  { { 1 , 3 } , { 2 , 1 2 } , { 1 0 , 1 1 } }
T i ,4 =  { { 1 , 4 } , { 3 , 1 2 } , { 9 , 1 0 } } T i * =  { { 1 , 5 } , { 4 , 1 2 } , { 8 , 9 } }
T i f i =  { { 1 , 6 } ,  { 5 , 1 2 } ,  { 7 , 8 } } T l,7 =  { { 1 , 7 } , { 6 , 1 2 } , { 6 , 7 } }
T i * =  { { 1 , 8 } , { 7 , 1 2 } , { 5 , 6 } } T i ,9 =  { { 1 , 9 } , { 8 , 1 2 } , { 4 , 5 } }
T i , i 0 =  { { 1 , 1 0 } , { 9 , 1 2 } , { 3 , 4 } } T i m =  { { 1 , 11} , { 10 , 12} , { 2 , 3 } }
T 2A =  { { 2 , 4 } ,  { 2 , 1 1 } ,  { 9 , 1 1 } } T2,5 =  { { 2 , 5 } ,  { 3 , 1 1 } ,  { 8 , 1 0 } }
^2,6 =  { { 2 , 6 } , { 4 , 1 1 } , { 7 , 9 } } ^2,7 =  { { 2 , 7 } , { 5 , 1 1 } , { 6 , 8 } }
^2,8 =  { { 2 , 8 } , { 6 , 1 1 } , { 5 , 7 } } ^2,9 =  { { 2 , 9 } ,  { 7 , 1 1 } ,  { 4 , 6 } }
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T2,io = { { 2 , 10}, {8 , 11}, {3 ,5 }} T3)6 = { { 3 , 6}, { 3 ,10}, { 7 ,10}}
23,7 =  {{3 ,7}, { 4 ,10}, {6 ,9}} T3>8 =  { {3 ,8}, { 5 ,10}, { 5 ,8}}
T3i9 =  {{3 ,9}, {6 ,10}, {4 ,7}} T4l8 =  { {4 ,8}, {4 ,9}, {5 ,9}}
These twenty-two triples reduce the number of possible (modified) quotient
graphs to 222. After applying the degree rule and the idempotency condition of
Corollary 2.13 we have only the graphs given in the following proposition. This 
had to be done with the aid of a computer.
Proposition 2.27. Let p be any prime congruent to 1 modulo 26. If  2 G S, 
then MQ( S)  is one of the five graphs determined by
f ®Ti>3 U T i)9 U T2 ,8 U T3i9
E ( M Q ( S )) =  < T1>4 U Tifi U T2tQ U Th.io
Ti,5 U T i,h  U T2j  U T3)7
I Ti,8 U 2i,io U 22,5 U T2,6
This proposition tells us that if 2 G 5 , then once we choose a generator, u>, 
for the quotient group (Z/pZ)*/S,  the modified quotient graph will be one of 
the five graphs listed. In the previous case when q =  11 we saw that two of the 
graphs listed in Proposition 2.22 could actually be viewed as the same graph 
and so by carefully choosing u> we could describe MQ( S)  as in Corollary 2.24. 
The case where q =  13 can be viewed in a similar way.
Corollary 2.28. Let p be any prime congruent to 1 modulo 26 such that 2 e  S. 
Let r  be the least positive prim itive root modulo p. B y choosing lu to be one of 
r, r2, r ~ l , and r~2, we can get M Q ( S ) to be one of  the two graphs determined
b y
E (MQ( S) )  =  |  ®i 3 y  ^  y  ^  y  n  g .
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Proof: Suppose, for example, that with oj equal to the least positive primitive 
root, r ,  modulo p  we find that E( MQ( S) )  =  T \ ,4 U T\$  U 72 ,g U T^io- Since 
gcd(2,13) =  1, r2 also generates the quotient group. With oj =  r2, we would get 
E ( M Q ( S )) =  T i,3UTi>9UT2^UT^g. Similarly, if with oj =  r  we get E( MQ( S) )  =  
T i;5  U T i,h  U 72,7 U 73 ,7, we could choose oj =  r -1  to get E ( M Q ( S ) )  =  T i, 3  U 
^1,9 U 72,8 U ? 3,g. If with oj =  r  we get E( MQ( S) )  =  Ti,s U 7\,io U T2,s U 72 ,6, 
we could choose oj =  r ~ 2 to get E ( M Q ( S )) =  U 7i,g U T2,s U T3,g. Thus by
carefully choosing oj we have that MQ( S)  is one of the two graphs determined 
by
E ( M Q ( S )) =  |  ^  3 u ^  g y  t ^ 8 y  T3>g .
■
We conclude that if 2 € S', then the quotient graph Q(S(p,  13)) is the totally 
disconnected graph on thirteen vertices or the following graph.
1 2 4 6 0
3 9 12 8 7 5 10 11
There is only one prime p =  1 (mod 13) less than 5000 with 2 G S(p,  13). 
This prime is 4733. The graph Q (5(4733,13)) is the graph pictured above. In 
particular, we have obtained the following theorem.
T h eorem  2.29. There is no connected idem potent graph on 12 vertices which 
satisfies the triples rule and the degree rule for n =  13.
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3. Q(S(p,n))  for Small n Not Prime
In this section we will determine which graphs can occur as Q(S( p , n )) for 
small natural numbers, n, which are not prime. As before, we choose u>S G 
(Z /pZ)* / S  to be a generator of the quotient group. Recall that if n is prime 
then either b =  1 or 6 =  n. This is not true if n is not prime. For example, if 
n =  0 (mod 4), then for a prime p =  1 (mod 2n) we have that b divides j  
since 2 is a square modulo p. If b =  n, then we will still use 2S  as the canonical 
generator for the quotient group. If b ^  1 then S  is adjacent to only 2S  in Q(S).  
In order to apply the degree rule we want to know which coset a>lS  contains 2. 
In all the cases we will consider here, we will have 2 G S. 
n =  4
First we take n =  4. Let p be any prime congruent to 1 modulo 8 and 
choose a generator u>S of the quotient group. The only triple in this case is
Tifi =  {{1 ,2}, {1,3}, {2 ,3}}.
Since p  =  1 (mod 8) implies that 2 is a square modulo p, the only possible 
values for b are 1 and 2. The following theorem tells which quotient graphs 
occur for n =  4.
Theorem  3.1. Let p he any prime congruent to 1 modulo 8 . Then Q(S(p,  4))
is the graph with edge set
0 if  6 = 1  and p =  1 (mod 16)
-  i  Tl’2 if  b=zl and T> = 9 (mod 16)vvv )) \  ^  j j -f 1  — 2  and p  =  9 (mod 16)
{0 , 1} U T it2 if  6 =  2 and p =  1 (mod 16).
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The quotient graphs in Theorem 3.1 are the following graphs. 







P r o o f :  Let p =  1 (mod 8) and let ojS be a generator of the quotient group. As 
was stated above, we have 6 =  1 or 6 =  2. That is, either 2 G S  or 2 £ to2S  since 
to2 S  is the only coset of order 2 in the quotient group. Thus the S — 2S  rule tells 
us that the vertex S  in Q(S)  is an isolated vertex if b =  1 and is adjacent to ui2S  if 
6 =  2. We need only determine MQ( S) ,  the modified quotient graph of S  in each 
of these two cases. From the triples rule we know that MQ( S )  must be either 
or t.d .(3); that is, E ( M Q ( S )) =  T\$  or E( MQ( S) )  =  0. Actually, the proof of 
the triples rule shows that #Ls(w,u>2) =  f i L s i ^ 2, ^ )  =  #Ls(u>,w3). Let this 
number be denoted by 7 . Also let # L s ( w 2,w2) =  (3 and #Ls( l ,u>2) =  ol. N o w  
using equation (1) of section 1 we have that d-p(s)(uj2) =  2 j  +  oc+{3 =  Since 
uj2S  =  (jj~2S  in this case, Lemma 1.7 implies that #Ls(o j 2 ,oj2) =  # L s ( l ,w 2). 
Thus a  =  {3 and we have 27  +  2a =  2 ^ .  So p — 1 =  8(7  +  a). Suppose 6 =  2. 
Then S  is adjacent to u 2S  and so a  must be odd. Then 7  is odd if and only if 
p =  1 (mod 1 6 )  and in this case M Q ( S ) is K 3 . Also, 7  is even if and only if 
p =  9 (mod 1 6 )  and in this case MQ( S)  is t.d.(3 ) .  Suppose 6 =  1. Then S  is
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isolated in Q(S)  and so o; is even. Thus 7  is odd if and only if p =  9 (mod 16) 
and in this case MQ( S )  is K 3 . Also 7  is even if and only if p =  1 (mod 16) 
and in this case MQ( S)  is t.d .(3). Q
Recall the definition of property Pc from page 19. Note that G \ has property 
P3, G 2 has property P i, G$ has property P2, and G4  has property Pq. In [H2] 
there are results on the property Pc of the circulant graphs r(S). Namely, if 
2 ^ 5 ,  then r(S) has property Pq iff p  =  1 (mod 16) and T(5) has property 
P p- i iff p  =  9 (mod 16). If 2 G S', then T(S)  has property P P- 1 iff p =  9
2 4
(mod 16) and T(S) has property P3.£^i  iff p =  1 (mod 16). Comparing these
4
results to Theorem 3.1, we see that, in each case, Q(S)  has property Pc iff T(S) 




T h eorem  3.2 . Let p be any prime congruent to 1 modulo 8 . Let a and b be 
such that aS  7  ̂bS and neither aS nor bS is S. Then
J o  (mod2) | ^ « )  z i l l s
# L s ( a ,  b)  ̂ f p =  9 (mod 16) and 2 G S
1 (mod 2) , f  | p s l  [m o d l6 ) ^  2 i s
Proof: This theorem follows directly from Theorem 3.1 and the definition of a 
quotient graph. |
E xam p le  3 .3 . Take p — 73. Now
S(73 ,4) =  {±1, ±2, ±4, ± 8 , ±9 , ±16, ±18, ±32, ±36}.
We have 2 G S  and p =  9 (mod 16). Consider the equation 17X4 ±  51Y4 =  1. 
Now 17 ^ S, 51 ^ S, and 17S 7  ̂ 51S, so we know that # L s (1 7 ,51) =  1
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(mod 2). Hence the number of solutions to 17X4 +  51Y4 =  1 in (Z/73Z)* x 
(Z/73Z)* is congruent to 16 modulo 32. 
n =  6
Now we take n  =  6 , p  congruent to 1 modulo 12, and uiS a generator of the 
quotient group (Z /pZ )*/5 . Then the four possible values for 6 are 1, 2, 3, and 
6 . Now 3 divides 6 and so the triples rule does not hold, but the modified triples 
rule does. The “triples” in this case are
Ti,2 =  { { 1, 2} ,{1 ,5 } ,{ 4 ,5 }} , T1i3 =  { {1 ,3 } ,{ 2 ,5 } ,{3 ,4 } } ,
Tm  =  { {1 ,4 } ,{3 ,5 } ,{2 ,4 } } , and T2,4 =  {2,4}.
Recall that the degree rule says that the degrees of all the vertices in M Q ( S ) 
are even if b =  1 or 6 =  2. Hence when we apply the modified triples rule and 
the degree rule for b =  1 we will get the same possible modified quotient graphs 
as we would get for 6 =  2. This is true for all even natural numbers, n. Thus 
we combine the two cases 6 = 1  and 6 =  2 .
Suppose 6 =  1 or 6 =  2. Note that t .d.(5) and K$ satisfy the degree rule and 
the modified triples rule in both these cases. Now d(u>2 S) must be even, so we 
must have an even number of the above “triples” in E(MQ(S) ) .  We may now 
assume that exactly two triples are in E(MQ(S) ) .  If T i)2 C E(MQ( S) ) ,  then we 
must have T2j4 C E( MQ( S) )  in order for d(u>S) to be even. If T i>2 <f. E (MQ( S) ) ,  
then we must have E ( M Q ( S )) =  T13 U Tij4 in order for d(u>S) to be even. Thus 
we have Lemma 3.4.
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L em m a 3.4. Let p be any prime congruent to 1 modulo 12. If b =  1 or b =  2, 
then MQ( S)  is one of  the four graphs determined by
C0
E ( MQ( S) )  =
I U T i^ .
Recall that Corollary 2.13 states that if 2 G S,  then M Q ( S )  must have an 
idempotent Redei matrix. Thus if b =  1 we can further reduce the number of 
possible modified quotient graphs.
T h eorem  3 .5 . Let p be any prime congruent to 1 modulo 12. If 2 € S( p , 6 ), 
then
MQ( S)
K 5 or 
t.d.(5) .
Proof: It is easy to check that both the graphs given in the theorem have 
idempotent Redei matrices. The other two possible modified quotient graphs 
given by Lemma 3.4 have the following Redei matrices:
Mi
/ 0  1 0 0 1 \
1 0  0 1 0  
0 0 0 0 0
0 1 0  0 1
\ 1  0 0 1 0 /
and M2 =
/ 0  0 1 1 0 \  
0 0 1 0  1 
1 1 0  1 1  
1 0  1 0  0 
\ 0  1 1 0 0 /
Neither of these matrices is idempotent. Thus we have only the two possible 
modified quotient graphs above. |
E xam p le  3 .6 . Take p  =  433. The least positive primitive root modulo 433 is 
5. Using this, we can calculate S  and find that 2 E S. Since MQ( S)  is either 
complete or totally disconnected, it is enough to know whether or not the edge 
{SiS1,25S1} is in E ( M Q ( S )); that is, we need only know the parity of # L s ( 25,5).
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Now 95  =  255, so we actually find # L s ( 9,5). Recall that # L s ( a , b )  — # { z  E 
bS : a -  z  E S} .  Then # L S{9,5) =  #{5 ,10 ,83 ,63 ,142 , ±207,126, ±124, ±149}. 
So this edge is not an edge of Q(S).  Thus MQ( S)  =  t.d.(5). Now take p  =  457. 
The least positive primitive root modulo 457 is 13. Again, 2 E S  and we only 
need to know whether or not {135,1695} is in E(MQ(S) ) .  Here we find that 
# L s (  13,169) =  1 (mod 2) and so MQ( S)  =  K 5 .
The above examples show that both the graphs listed in Theorem 3.5 actu­
ally occur as quotient graphs. So we know the complete list of quotient graphs 
for n =  6 and 6 =  1. The next theorem will help us determine the complete list 
of modified quotient graphs for n even and 6 =  2 [CH2].
T h eorem  3.7. Let n be an even natural number and let p be a prim e number 
congruent to 1 modulo 2n. Suppose 6 =  2. Then M Q ( S ) is idem potent if  and 
only if  M Q ( S ( p , 7})) is totally disconnected.
Note that if 6 =  2, then 2 is an j t h  power modulo p and so 2 E S ( p , j ) .  
Turning back to our discussion for n =  6 and 6 =  2, we can use Theorem 3.7 to 
shorten the list of possible quotient graphs in Lemma 3.4.
T h eorem  3.8 . Let p be any prime congruent to 1 modulo 12. If b=2, then
MQ(S(P,6)) = { f j (5) °r
Proof: In order to use Theorem 3.7, we need to determine whether or not 
Q(S(p,  3)) is totally disconnected. Now 2 E S(p,  3), so Theorem 2.2 says that 
Q(S(p,  3)) =  t .d.(3). Thus the Redei matrix of MQ{ S{p , 6)) must be idempotent.
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The proof of Theorem 3.5 shows that the graphs listed above are the only two
E xam p le  3 .9 . Both primes in this example have 6 =  2. Take p =  109. As in 
the last example, we need only determine whether or not the edge {1,2} is in
positive primitive root modulo 109 is 6. Also, # L s ( 36,6) — # L s ( 9,6) since 
9S =  36S. #L<?(9,6) =  # { z  e  6 S  : 9 - z  e  S}  =  # {13 ,10 ,52}. Thus {1 ,2} G 
E (MQ( S) )  so M Q ( S ) =  K 5. Similarly, we can find that M Q ( S  (157,6)) =  
t .d.(5). Thus both graphs in Theorem 3.8 are modified quotient graphs.
Next we consider the possible modified quotient graphs for n =  6 and 6 =  3. 
With u  chosen as before, 6 =  3 implies that 2 €  w25  or 2 €  w45. In either case, 
the degree rule implies that, in MQ( S) ,  d(uJ2 S) and d(ui4 S) are odd and the 
degrees of all other vertices are even. In order for d(ui2 S) to be odd, we must 
have an odd number of the triples T it2, Ti^, Ti^, and T24 in E(MQ( S) ) .  If there 
is only one triple in E(MQ(S) ) ,  it must be either T\^ or 12,4 in order for d(uS)  
to be even. Now suppose there are exactly three triples in E(MQ( S) ) .  Again, in 
order for d(u>S) to be even we must have either E(MQ( S) )  =  Ti^UTi^UTi^ or 
E ( M Q ( S )) =  T \ t3 U Ti(4 U T2,4. Thus we get Proposition 3.10.
P ro p o sitio n  3.10. Let p be any prime congruent to 1 modulo 12. If b — 3, 
then MQ( S)  is one of the four graphs determined by
graphs from Lemma 3.4 which satisfy this condition. 1
E(MQ(S) ) .  Now S  =  {±1, ±4, ±16, ±27, ±34, ±38, ±43, ±45, ±46}. The least
E ( M Q ( S ))
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E xam p le  3.11. Both the primes in this example have 6 =  3. As in the previous
examples, we wish to realize one of the possible modified quotient graphs as the
modified quotient graph of a particular prime. In order to distinguish which
of the four possible graphs is actually MQ(S) ,  we only need to know whether
or not the edges {1,2} and {1,3} are in E(MQ( S) ) .  Take p  =  73. Then
S  =  {± 1 , ±3, ±8, ±9 , ±24, ±27}. We can find that both L s (5,25) and L s (5,125)
have an odd number of elements, where 5 is a primitive root modulo 73. Thus
E ( M Q ( S )) =  E(Ks)  \  T2,4 . This graph is pictured below.
2
5
Similarly, if we take p =  193, we find that neither {1 ,2} nor {1 ,3} is in
E(MQ( S) ) .  Thus E ( M Q ( S )) =  This graph is pictured below.
2 4 1 3  5
0 — -  —   -"6  0  9  6
The two graphs in Example 3.11 are the only two graphs which can be 
realized as modified quotient graphs for n =  6, 6 =  3, and p <  1000. It is likely 
that there are only two quotient graphs which occur, as in the cases 6 = 1  and 
6 =  2 above, and 6 =  6 below.
Now we turn our attention to the last case for n =  6; that is, 6 =  n =  6. 
In this case 2S  generates the quotient group and we use 2S  as the generator.
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Here the degree rule implies that d(2S)  and d(2~1 S) are odd and all other 
degrees in M Q ( S )  are even. In order for d(22 S)  to be even, we must have 
an even number of the four triples in E(MQ(S) ) .  If all four triples were in 
E( MQ( S) )  or E ( MQ ( S ) )  =  0, then d(2S)  would be even, a contradiction. Thus 
we must have exactly two triples in E(MQ(S) ) .  But d(2S)  being odd implies 
that E( MQ( S) )  ^  T i)2 U T2)4 and E ( M Q ( S )) ^  Ti,3 U T ii4. Thus we have the 
four possible modified quotient graphs listed in Lemma 3.12 remaining.
L em m a 3.12. Let  p be any prime congruent to 1 modulo 12. Suppose 2S(p,  6) 
generates the quotient group (Z /Z )* /5 . Then MQ( S)  is one of  the four graphs 
determined by
E( MQ( S) )  =
Tifi U -̂ 1,3 
Ti ,2 U T i)4 
Ti,3 U T2)4 
. T ij4 U T2i4
E xam p le  3 .13 . Again, given p =  1 (mod 12) with 6 =  6, it is only neccessary
to determine whether or not each of the edges {1,2} and {1,3} is in E(MQ(S) ) .
Both the primes in this example have 6 =  6. Take p =  13. Then S  =  {±1}
so we can easily use the circulant graph T(5) to determine that E( MQ( S) )  =
T it4 UT2)4. This graph is pictured below.
1 4 2 3 5
•------------ 9----------*----------- 9------------ 0
Now take p  =  37. Then S  =  {±1 , ±10, ±11}, and we can find that both {1,2}  
and {1,3} are in E( MQ( S) ) .  Thus E( MQ( S) )  =  T ij2 U T ij3. This graph is 





Now Theorem 2.17 can be applied in this case to reduce the list of four 
possible modified quotient graphs to the two modified quotient graphs which 
can be realized for n =  b — 6.
T h eorem  3.14. Le t p  be any prime congruent to 1 modulo 12. Suppose 2S(p,  6) 
generates the quotient group (Z/Z)* / S .  Then M Q( S)  is one of the two graphs 
determined by
Proof: Let M  be the Redei matrix of the graph Q(S).  In order to apply Theo­
rem 2.17, we need to know the polynomials cx.m { x )  associated with each of the 
four possible quotient graphs from Lemma 3.12. Calculating these polynomials,
with E ( M Q ( S )) — T1)4 U T2>4 has been realized in Example 3.13, we know that 
there can be no modified quotient graph with E (MQ( S) )  — T\$  U 72,4- Sim­
ilarly, if E (MQ( S) )  =  Ti,2 U T1i3 or E ( M Q ( S )) =  T1j2 U TM , then a M(x) =
E (MQ( S) )  =  |
we see that for both E ( M Q ( S )) =  T ii3 UT2)4 and E (MQ( S) )  =  T i)4 UT2i4 , the 
polynomial olm{x) is x 6 +  x5 +  x4  +  x +  1. Since the modified quotient graph
x 6 +  x 5 +  x4 +  x 2 +  1. Thus Example 3.13 shows that there can be no modified
quotient graph with E ( M Q ( S )) =  Ti^ U Tij4. I
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In view of Example 3.13 and Theorem 3.14, we now have a complete list of 
quotient graphs for n — 6  and 6 =  6.
n =  8
Now we turn our attention to n  =  8. In this case we choose p  congruent 
to 1 modulo 16. Let u>S be a generator of the quotient group (Z/pZ)* /  S(p,  8). 
Again, 6 must be a divisor of 8. But now p =  1 (mod 8) so 2 must be a square 
modulo p. Thus the only possible values for b are 1,2, and 4; that is, 2S  cannot 
generate the quotient group.
These are the triples for n  =  8.
Ti ,2 =  { {1 ,2 } ,{1 ,7 } ,{6 ,7 } }  Ti, 3 =  { {1 ,3 } ,{2 ,7 } ,{5 ,6 }}
Tm  =  {{1 ,4}, {3 ,7}, {4 ,5}} Ti ,5 =  {{1 ,5}, {4,7}, {3 ,4}}
T1>6 =  {{1 ,6}, {5 ,7}, {2, 3}} T2>4 =  {{2 ,4}, {2,6}, {4 ,6}}
T2l5 =  { {2 ,5 } ,{3 ,6 } ,{3 ,5 }}
Suppose b =  1 or 2; i.e. 2 G S(p,  8) or 2 € u)4 S(p,  8). Then the degree 
rule says that in MQ( S )  the degrees of all vertices are even. Using the above 
triples and the degree rule, we can find only 32 possible modified quotient graphs 
out of the 221 graphs on seven vertices. This again was done with the help of 
a computer. A list of these 32 graphs is given in Table B .l of Appendix B. 
If 2 €  S', then Corollary 2.13 says that the Redei matrix, M,  of MQ( S)  must 
be idempotent. If 2 e  cu4S  then 2 € S(p,  4). Now Theorem 3.1 implies that 
MQ(S(p,  4)) is totally disconnected in this situation, and so Theorem 3.7 implies 
that M  must be idempotent. Thus we have the same idempotency condition in 
both of these cases. Using a computer it is easy to reduce the list of 32 graphs 
mentioned above to the four graphs, in Theorem 3.15, which satisfy the degree 
rule, the triples rule, and this idempotency condition.
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T h eorem  3 .15 . Let p be any prime congruent to 1 modulo 16 such that b =  1 
or 2. Then M Q ( S ( p , 8)) is one of the four graphs determined by
0
^2,4
E ( K 7 ) \ T 2A 
E ( K 7).
Note that the four graphs in Theorem 3.15 are the totally disconnected 
graph, a “triangle” with four additional isolated vertices, and the edge comple­
ments of these two graphs. It is easy to check that if a graph on an odd number 
of vertices satisfies the degree rule, the triples rule, and the idempotency condi­
tion, then so does its edge complement. Also note that no two of the four graphs 
in Theorem 3.15 are isomorphic. Thus the choice of ui makes no difference in 
the labeling of the graph you obtain as MQ(S) .
Using the same methods as before, we can find that E(MQ(S(1217 ,8))) =  0, 
E ( M Q ( S ( 337,8))) =  T2,4, E(MQ( S(2b7 ,8))) =  E ( K r ) \  T2>4, and
E ( M Q ( S ( 2833,8))) =  E ( K 7). All four of these primes have 6 = 1 .  Similarly, 
the four primes 593, 353, 113, and 1153 have 6 =  2 and give the four graphs 
from Theorem 3.15. Thus all these graphs can be realized as M Q ( S )  for some 
prime and we have a complete list of quotient graphs in both cases 6 = 1  and 
6 =  2 .
If n — 8 and 6 =  4, then the triples rule and the degree rule yield 32 
possible modified quotient graphs. A list of these graphs, obtained with the 
aid of a computer, is given In Table B.2 of Appendix B. None of the previous 
theorems can be applied in this case, so we cannot shorten this list at this time.
E( MQ( S) )  =
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n =  9
Now we turn our attention to n — 9. The possible values for b are 1, 3, and 
9. Let p  be any prime congruent to 1 modulo 18 and let u}S(p, 9) be a generator 
of the quotient group (Z/pZ)* /  S(p,  9). The triples rule does not apply here, but 
we can use the modified triples rule to see that these are the possible “triples” 
in this case.
Ti ,2 =  {{1 ,2}  
TM =  {{1 ,4}  
Ti ,6 =  {{1 ,6}  
T2,4 =  {{2 ,4}  
^2,6 — {{2,6}
{1,8}, {7 ,8}} Tll3 =  {{1 ,3}, {2 ,8}, {6 ,7}}
{3,8}, {5 ,6}} Tll5 =  {{1 ,5}, {4 ,8}, {4 ,5}}
{5,8}, {3 ,4}} T,,7 =  {{1 .7}, {6 .8}, {2 ,3}}
{2,7}, {5 ,7}} T2,s =  {{2 ,5}, {3 ,7}, {4 ,6}}
{4,7}, {3 ,5}} T3i6 =  {{3 ,6}}
Suppose 5 = 1 .  The degree rule says that the degree of every vertex in 
M Q ( S ) must be even. We can check all of the combinations of “triples” to see 
which ones also satisfy the degree rule. As before, this can be done easily with 
the help of a computer. The 64 graphs satisfying the modified triples rule and 
the degree rule are listed in Table B.3 of Appendix B. Since 2 € S(p,  9), Corollary 
2.13 implies that only those graphs with idempotent Redei matrices are possible 
modified quotient graphs. We then check to see if the Redei matrix associated 
with each of these 64 graphs is idempotent. The result of these calculations is 
the list of three possible modified quotient graphs found in Theorem 3.16.
T h eorem  3.16. Let p be any prime congruent to 1 modulo 18. If  2 E S(p,9)  
then MQ(S(p ,  9)) is one of the three graphs given by
E(MQ( S) )
f0
^1,3 u Tx,6 U T2,5 U 73,6 
„ 7\,4 U 7 i ,7 U 72,6 U T3,6
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Note that the last two graphs in Theorem 3.16 can be drawn as follows:
In these graphs the numbers on the vertices represent the powers of ujS. It 
is easy to see from these drawings that the two modified quotient graphs are 
isomorphic by mapping u lS  to u)2 lS.  The quotient graphs are also isomorphic 
under this map since S  is an isolated vertex in Q(S).
C orollary 3 .17 . Let p be any prime congruent to 1 modulo 18. Let r be the 
least positive prim itive root modulo p. If  2 € S(p,9),  then by taking u> to be 
either r or r 2, MQ( S)  is one of the two graphs given by
Proof: Since r S  generates (Z/pZ)*/S(p ,9)  andgcd(2,9) =  1, r2S  also generates 
this quotient group. If with u  =  r  in Theorem 3.16 we get E (MQ( S) )  =  0 or
T \ y  U 12,6 U 13,6 then we take u  =  r 2. Then we have u lS =  r 2lS  and so
We can find that E (MQ( S(  127,9))) =  T i,3 U T i,6 U 12,5 U 23,6 and that 
E(MQ( S(1657 , 9) =  0. Thus both of the possible graphs actually occur as 
MQ( S) .  Thus we have a complete list of quotient graphs for n =  9 and 6 = 1 .
7
E ( M Q ( S )) =  |
li ,3  U Ti,6 U 22,5 U 23,6 then we are done. If, however, E ( M Q ( S )) =  2 i,4 U
E ( M Q ( S )) =  l i , 3 U li,6  U T2i5 U T3)6. I
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If n — 9 and 6 =  3 then there are 64 graphs which satisfy both the modified 
triples rule and the degree rule. These are the only theorems we have which 
apply in this case, so this list is as short as we will obtain here. The 64 possible 
modified quotient graphs are listed in Table B.4 Appendix B.
Now suppose n =  9 and 6 =  9; that is, 2S  generates (Z/pZ)*/S(p,  9). The 
degree rule states that the degrees of all the vertices of M Q ( S )  are even except 
for the vertices 2S  and 2~1 S.  With the help of a computer, we can easily check 
which combinations of “triples” satisfy this degree rule. There are 64 graphs 
on eight vertices which satisfy the modified triples rule and the degree rule. 
These graphs are listed in Table B.5 of Appendix B. By adding the vertex S  and 
the edge {S', 2S}  to each of these modified quotient graphs, we get 64 quotient 
graphs.
Theorem 2.17 can be applied here to shorten the list of 64 possible quotient 
graphs. Again, let M  denote the Redei matrix of a possible quotient graph. 
When we calculate olm{X)  for each of the 64 possible graphs, we find only three 
irreducible polynomials. These polynomials are X 9 +  X 8 +  X 6 +  X 3 +  X 2 +  X  + 1 , 
X 9+ X 8+ X 6+ X 5+ X 4+ X + l ,  and X 9+ X 8+ X 6+ X 3-|-l. There are two possible 
quotient graphs which yield o.m { X )  =  X 9 +  X 8 +  X 6 +  X 3 +  X 2 +  X  +  1, four 
possible quotient graphs which yield otM(X)  =  X 9 + X 8 + X 6 + X 5 + X 4 +  X  + 1, 
and six possible quotient graphs which yield om (X ) =  X 9 +  X 8 +  X 6 +  X 3 +  1. 
These 12 possible quotient graphs are listed along with their polynomials in 
Appendix B. Now Theorem 2.17 states that there can be only one quotient
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graph yielding a given polynomial cxm( X ) .  Thus we know that there are at most 
three quotient graphs Q(S(p,  9)) when p  is congruent to 1 modulo 18 and 6 =  9. 
The next example will show us the three quotient graphs which occur in this 
case.
E xam p le  3.18. All three primes in this example have 6 =  9. Take p — 19. Then 
S  =  {± 1 }, so we can use the circulant graph T(5') to find that E ( MQ ( S ) )  =  
Tm  U T2,4 U The graph Q(S)  is pictured below.
$  i 0  M &  #  i .i 11 # i  i #  f t  0  $
0 1 4 2 7 5 6 3 8  
The polynomial a M(X)  related to Q(S)  is X 9+ X 8+ X 6+ X 5 +  X 4 +  X  +  l .  Now 
take p  =  37. Then S  =  {± 1 ,± 6 } . Using any of the previous methods to find 
which triples are in E( MQ( S) ) ,  we can find that E (MQ( S) )  =  T it3 U72,4 UT2,5- 
The graph Q(S)  is pictured below.
The polynomial olm(X)  related to Q(S)  is X 9 +  X 8 +  X 6 +  X 3 +  1. Now take 
p  =  163. In this case, E (MQ( S) )  =  Ti^ U Ti^ U 72,5 U T2,6 U T3)6. The graph 




The polynomial « a /(X ) related to Q(S)  is X 9 +  X 8 +  X 6 +  X 3 +  X 2 +  X  +  1.
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T h eorem  3 .19 . Let p be any prime congruent to 1 modulo 18 such that b — 9. 
Then MQ(S(p,  9)) is one of the three quotient graphs determined by
where 2S is taken as the generator of  (2>/pZi)*/ S(p,  9).
Proof: By Theorem 2.17, we know that there can be only one quotient graph 
yielding a given polynomial olm{ X ) .  The only irreducible polynomials which 
occur as T) are the three polynomials given above. The above example 
shows that the three graphs in this theorem do occur as modified quotient graphs, 
with one of the quotient graphs yielding each of the given polynomials. Thus 
these are the only three graphs which occur as MQ(S) .  g
C orollary 3 .20 . Let p be any prime congruent to 1 modulo 18 such that b =  9. 
Suppose a and b are elements of  (Tj/pTi)* such that aS  =  2%S, bS =  2̂  S, and
In particular, # L s ( a ,  b) =  0 (mod 2) if { i , j }  G (Ti^ U Ti#  U T ij) .
Proof: The first part of the corollary follows directly from the definition of 
Q(S).  Note that none of the edges in the three triples T \$ , T \$ , and T\^  is 
in any quotient graph Q(S)  in this case. Thus # L s ( a , b )  is even if the edge
Ti,4 u T2)4 U T3i6
E(MQ( S) )  =  T ii3 U T2,4 U T2,5
k T i)2 U T i>3 U 5 U T2i6 U T3i6
aS ±  bS. Then
i f { i , j } e  ({0,1} U E ( M Q ( S ) ) )  
otherwise.
{aS,bSj  =  {«, j }  is in one of these triples. I
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n =  10
Now we turn our attention to n =  10. Here we will consider only the cases 
b =  1, 2, and 10. The 256 graphs which satisfy the triples rule and the degree 
rule for b =  5 are listed in Table B.7 of Appendix B. These axe the triples for 
n =  10.
T1)2 =  { {1 ,2 } ,{1 ,9 } ,{8 ,9 }}  Tlf 3 =  { {1 ,3 } ,{2 ,9 } ,{7 ,8 } }
Tm  =  { {1 ,4 } ,{3 ,9 } ,{6 ,7 }}  Ti >5 =  { {1 ,5 } ,{4 ,9 } ,{5 ,6 } }
Ti,6 =  {{1 ,6}, {5,9}, {4 ,5}} TXJ =  {{1 ,7 }, {6 ,9}, {3 ,4}}
Ti ,8 =  {{1 ,8}, {7 ,9}, {2 ,3}} r 2)4 =  {{2 ,4}, {2 ,8}, {6 ,8}}
T2,5 =  {{2 ,5}, {3,8}, {5, 7}} r 2,6 =  {{2 ,6 }, {4 ,8}, {4 ,6}}
T2 ,7  =  {{2 ,7}, {5 ,8}, {3 ,5}} T3)6 =  {{3 ,6}, {3 ,7}, {4 ,7}}.
T h eorem  3.21. Let p be any prime congruent to 1 modulo 20 such that b — 1
or 2. Then MQ( S)  is one of  the four graphs determined by
0
7i,2 U jfl,4 U Ti,5 U Ti,6 U T ij  U T2>6 
Ti,3 U 71,8 U T2)4 U T2i5 U T2,7 U T3j6 
E ( K 9)
Proof: If b =  1 or 2 the degree rule says that every vertex in MQ(S(p,  10)) must
E ( M Q ( S )) =  <
have even degree. This fact along with the triples rule leaves only 256 graphs 
on nine vertices as possible modified quotient graphs in these cases. These 256 
graphs are listed in Table B.6 of Appendix B. Let M  be the Redei matrix of 
MQ(S) .  If 6 =  2 then 2 G S(p,  5). By Theorem 2.5 we know that Q(S(p,  5)) 
is the totally disconnected graph. Thus Theorem 3.7 implies that M  must be 
idempotent. If b =  1 then Corollary 2.13 implies that M  must be idempotent. 
Thus we can test the Redei matrices of the remaining 256 possible modified 
quotient graphs for idempotency. This task has been accomplished with the 
help of a computer and the only graphs with idempotent Redei matrices are the 
four listed in this theorem. ■
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The graphs listed in Theorem 3.21 are the totally disconnected graph,
t .d.(9), the complete graph, Kg,  and the graphs pictured below. Note that
these two graphs are isomorphic and are also edge complements.
5 5
1 3 7 9 78 4 6
C orollary 3 .22 . Let p be any prime congruent to 1 modulo 20 such that 6 =  1 
or 2. Let r be the least positive primitive root modulo p. Then by taking ui to 
be either r  or r3, MQ( S)  is one of the three graphs determined by
( 0E (MQ( S) )  =  < T1>2 U Tm  U Ti,5 U T\$  U T \ j  U T2j6 
I E ( K 9)
Proof: We know that by taking uj =  r  we get one of the four graphs from The­
orem 3.21 as MQ(S) .  Thus the corollary is proven unless E (MQ( S) )  =  T i j  U 
T ii8UT2t4UT2j5UT2>7U T ^ . In this case we can take u  =  r3. Since gcd(10,3) =  1, 
r3S  must also generate the quotient group. Now we get E (MQ( S) )  =  T i)2 U 
T i(4 U Ti,5 U T\$  U Ti j  U T2i6- This can be seen from the isomorphism of the 
graphs pictured above given by uiS i4 w 35 . |
There are only three primes less than 2000 which satisfy the conditions for p 
in Theorem 3.21. Two of these, 241 and 641, have 6 = 1  and the other, 1181, has 
6 =  2. All three of these have E(MQ( S) )  =  T \ j  UTi^ UTi^ UTi^ UTi^ UT2i6- 
Thus we do not know if t.d.{9) or Kg actually occur as modified quotient graphs.
Now we turn to the case where n =  10 and 6 =  10; that is, we may take 2S  
as a generator of (Z/pZ)*/S(p,  10). Applying the triples rule and the degree rule
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we may obtain a list of 256 possible modified quotient graphs. These graphs are 
given in Table B.8 of Appendix B. As before, we apply Theorem 2.17 to the Redei 
matrices, M , of the quotient graphs associated with these modified quotient 
graphs. In doing so, we find only six irreducible polynomials which occur as 
cxm(X).  These polynomials are listed below. The number in parentheses to the 
right of each polynomial is the number of possible quotient graphs which yield 
that polynomial.
X 10 +  X 9 +  X 8 +  X 6 +  X 4 +  X 3 +  1 (6)
x io +  x 9 +  X 8 +  X 6 +  X 4 +  X 2 +  1 (4)
x io +  x 9 +  X 8 +  X 6 +  X 3 +  X 2 +  1 (6)
X 10 +  X 9 +  X 8 +  X 6 +  X 2 +  X  +  1 (4)
X 10 +  X 9 +  X 8 +  X 5 +  X 4 +  X 3 +  1 (4)
X 10 +  X 9 +  X 8 +  X 5 +  X 3 +  X  +  1 (4)
The graphs associated with each polynomial are listed in Appendix B.
P ro p o sitio n  3 .23. There are a t m ost six quotient graphs, Q(S(p,  10)), for 
p  =  1 (mod 20) with b =  10.
Proof: By Theorem 2.17, there can be at most one quotient graph for each of 
the six polynomials listed above. ■
n =  12
Although we will not obtain any lists of quotient graphs for n =  12, the 
case b =  2 is interesting to look at. This is the first case for which there is a non- 
idempotent graph when b — 2. If b =  2, Theorem 3.7 implies that MQ(S(p,  12)) 
is idempotent iff Q(S(p,  6)) is totally disconnected. Now both p  =  433 and 
p  =  457 are congruent to 1 modulo 24 and have 6 =  2. We saw in Example 
3.6 that Q(S(433,6)) =  t.d .(6 ), so we know that M Q ( S ( 433,12)) is idempotent.
103
However, Q(S(457,6)) =  Kq,  so MQ( S( 457 , 12)) is not idempotent. Thus for 
n — 12 and b =  2 we have both idempotent and non-idempotent modified 
quotient graphs.
4. Graphs Which Are Not Quotient Graphs
This section is devoted to exhibiting some graphs with idempotent Redei 
matrices which do not occur as quotient graphs. Recall that for b =  1 any 
quotient graph must have an idempotent Redei matrix. As we have seen, this 
condition is very strong. However, the triples rule also gives us a strong condition 
by which we can eliminate some graphs which satisfy the idempotency condition.
Any graph whose connected components are complete graphs on an odd 
number of vertices must have an idempotent Redei matrix. We also can find 
other graphs with idempotent Redei matrices by adding certain vertices and 
edges to these complete graphs. All of the graphs in the theorems of this section 
have idempotent Redei matrices.
For ease of notation in this section, the graphs will be drawn instead of 
giving an explicit list of vertices and edges. The notation • • • • •  will be used to 
denote an arbitrary number of isolated vertices. Recall that when labeling the 
vertices of a quotient graph, we do so with integers, i, modulo n which represent 
the cosets u>l S. Recall that the vertex representing S  =  u>°S must have degree 
0 or 1. In all our graphs from this section, this vertex must then have degree 0. 
Therefore the graphs shown in the theorems can be considered quotient graphs 
or modified quotient graphs.
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T h eorem  4 .1 . If n is not congruent to 0 modulo 4, the idem potent graph
«... s
is not a quotient graph Q(S(p,  n) ).
Proof: Assume the above graph is a quotient graph. First note that we must 
have n >  4. In order for the graph above to be a quotient graph, we must be 
able to choose n and p  so that we can label the three vertices of the “triangle” 
with a, b, c G Z/pZ which form a triple Ta^. The edges of this triple are actually 
{a,b},  { —a, b—a}, and { —6, a —b}. Thus we must have either {a, c} =  { —a, b—a} 
and {b, c} =  { —b, a — 6} or {a, c} =  { —b, a — b} and {b, c} =  { —a, b — a}.
Case 1: Assume {a, c} =  { —a, b — a} and {6, c} =  { —b, a — b}. Now there are 
four possibilities here. First, assume a =  —a, c =  b — a, b =  —b, and c =  a — b. 
Then we would have a =  j  and 6 =  f , contradicting the fact that a and b are 
distinct. Second, assume a =  —a, c — b — a, b — a — b, and c =  —b. Then 
a =  tt and 2b =  a =  which implies that 4 divides n,  a contradiction. Third, 
assume a =  b — a, c =  — a ,  b =  —b, and c — a — b. Then b =  j  and 2a =  b =  
which again implies that 4 divides n, a contradiction. Last we assume a =  b — a, 
c =  —a, b =  a — b, and c =  —b. But then we have — a =  c =  — b so a =  b, a 
contradiction.
Case 2: Assume {a, c} =  { —b,a — b} and {6, c} =  { —a, 6 —a}. First, assume 
a =  —b, c =  a — b, b =  —a, and c — b — a. Then we get c — —c and so c =  | .  
Also, c =  2a so 2a =  contradicting the fact that 4 does not divide n. Second,
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assume a =  —6, c =  a — b, b =  b — a, and c =  —a. Then 6 =  6 — a =  6 — (—6) =  26 
implying that 6 =  0, a contradiction. Third, assume a — a — 6, c =  —6, 6 =  —a, 
and c =  6 — a. Then a =  a — b which implies that 6 =  0, a contradiction. Last we 
assume that a =  a — b, c =  —6, 6 =  6 — a, and c =  —a. But then again a — a — b 
implies that 6 =  0, a contradiction. Thus the graph pictured in the theorem is 
not a quotient graph. H
Note that we can see from the proof of the previous theorem that no triple, 
Ti j ,  of edges can form a triangle except the triple when n =  0 (mod 4). 
Thus we never can have more than one triangle, each of which has all three edges 
in a single triple. This will be useful in proving the next two theorems.
T h eorem  4 .2 . The idem potent graph
is not  a quotient graph Q(S(p ,n )) for any values of p and n.
Proof: Assume the above graph is a quotient graph. Since there are six 
edges, we must find triples T ij  and Tk,i whose edges form the two triangles. 
We know from the comments following Theorem 4.1 that each of these triples 
must have two edges in one triangle and one edge in the other triangle. Now 
=  {{bi}> j  —?’}, {—j, i —j } } .  Without loss of generality, we may assume
that the edges { i , j }  and { —i , j  — i} are in the same triangle. Note that i ^  0 
so 3 ^ 3 -  i- Since there are only three vertices in the triangle, either i =  —i, 
i — j  — i, or j  =  —i. Now if i =  —i, then * =  f  • If i =  j  — i, then i — j  =  —i,
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so the third edge of Tiy  would be in the same triangle as the other two, a con­
tradiction. If j  =  —i, then — j  — i and again the third edge of Ttj  would be in 
the same triangle as the other two. Thus we must have i =  f . Now two edges 
of the triple Tf~ti must be in the second triangle of the graph, in which we can 
assume A; is a vertex. A similar argument would show that k =  This is a 
contradiction since i and k are distinct vertices of the graph. Thus the graph in 
the theorem can never be realized as a quotient graph. 9
Note that the proof of Theorem 4.2 actually shows that if two edges of a 
triple have a common vertex, v, and the third edge of that triple has no vertex 
in common with the other two edges, then the common vertex, v, must be j .  
Thus in a quotient graph we can have at most one triangle with two or more 
edges from the same triple.
T h eorem  4 .3 . The idem potent graph
is not a quotient graph Q(S( p , n )) for any p and n.
Proof: Assume the above graph is a quotient graph. We must have three 
triples in this graph. We can see from the proofs of Theorems 4.1 and 4.2 and 
the comments following them that only one edge from each of the three triples 
can be in a given triangle. Also none of the vertices in these triangles can be j . 
We begin by labeling some of the vertices so that we have edges from the triple 
Ti j .  We can do this without loss of generality as follows.
Now we must label the remaining vertices. We must have two triples of the
form Tjyk and which are distinct and are distinct from T{j .  Now Tj^ =
(O') k }, { ~ 3 , k ~  J‘}> { ~ k i3  ~  fc}} 311(1 Ti,k =  {{b k},  { - i , k -  i} , { - k ,  i -  k}} ,  so
our graph must be
j  A  3 ~  i A  i ~  h
•  • • • e
k —i k — i —j  1c — j
where { —k, i — k} =  {i — j , k — j }  and { —k , j  — k}  =  { j  — i , k  — i}. Assume 
—k =  i — j .  Then i — k =  k — j  and since k ^  — k we must have —k =  k — i 
and j  — k =  j  — i. But then we have —k =  —i, a contradiction. Thus we must 
have —k =  k — j .  Then i — k =  i — j ,  which implies that j  =  k, a contradiction. 
Hence the graph in the theorem cannot be realized as a quotient graph. B
In contrast to the above theorems, the graph consisting of four triangles 
and one isolated vertex does occur as a quotient graph for n =  13. With four or 
more triangles, there is enough flexibility in choosing the triples for the graph 
to exist.
T h eorem  4 .4 . The idem potent graph
does not occur as Q(S(p ,n)) for any p and n.
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Proof: Assume the graph pictured in the theorem is a quotient graph. First 
note that the graph must have S  as an isolated vertex since there is no vertex 
of degree 1. Then we can apply the triples rule to see that the number of 
edges implies that n =  0 (mod 3). Also, we must have the triple Tn. , which 
contains only one edge, in the edge set of the graph. But now d ( j )  — d (^ )  






The triple must then be in the edge set of the graph. Now =
{{i, f } , { —i, § — * } > { — f} } -  Since i 7  ̂ i -  we may assume without 
loss of generality that j  ~  i — j .  But then the edge { —i, — j }  is in the graph. 
This is a contradiction since neither —i nor —j  is and each edge of the graph 
is incident with one of the vertices ± ^ . Thus the graph in the theorem is not a 
quotient graph. |
In contrast to the above graph, the graph
occurs as a quotient graph for n =  9. This shows that the union of two graphs
which are not quotient graphs may be a quotient graph. As can be seen from 
the above arguments, it becomes more difficult to prove that a graph is not a 
quotient graph as the number of edges grows.
CHAPTER IV. SUMMARY
In Chapter II, we related ordinary graphs and graphs with exactly one 
directed edge to certain quadratic number fields. Our main result deals with 
real quadratic number fields whose discriminants are odd and have exactly two 
prime divisors congruent to 3 modulo 4. These number fields correspond to 
graphs with exactly one directed edge. We found that, in the set of all such 
graphs on t vertices, the density of the set of graphs having property Pc is (3t (c).
For example, we found that /?2 (0) =  1. This can easily be confirmed by 
looking at the two graphs on two vertices given below.
G\ : «------- >------- * (?2 : •------- <------- •
In both cases, the only EVD of the graph is the trivial EVD, and so both graphs 
have property P q.
We also found that /33(0) =  0.75 and /?3(1) =  0.25. These are the graphs 
on three vertices which we are considering.
4
We can find that the graphs G\ and G5 have property P \  and all of the others 
have property P q. Thus 6 out of the 8 graphs have property P q, confirming 
that (3z(0) =  0.75, and 2 out of the 8 graphs have property P i, confirming that 
f t ( l )  =  0.25.
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In the set of all graphs with exactly one directed edge on a finite set of 
vertices, the density of the set with property Pc is /?oo(c). Thus we found that 
approximately 62.9% of all such graphs have property P q and approximately 
31.5% of all such graphs have property P\. This tells us that graphs with 
property Pc for c >  2 are very rare.
Further study could be done on graphs with more than one directed edge. 
The relationship between these graphs and ordinary graphs is more difficult since 
it is not as easy to relate the ranks of the corresponding matrices.
In Chapter III, we found graphs that give us information about the number 
of solutions of a X n +  bYn — 1 over finite fields Fp where p =  1 (mod 2ro). The 
graphs we obtained often depend only on n and b, where b is the order of 2S  in 
(Z/pZ)* / S. The following list gives the graphs we obtained as quotient graphs 
for some values of n and b. In the cases listed below, these are the on ly  quotient 
graphs which may occur. Again, the labels on the graphs denote the powers of 
a generator u S  of (Z /p Z )* /5  where u> =  2 if b =  n.
0 1
n =  2 , b =  1 0 9
0 1
n =  2 , b =  2 9------ ------a
0 1 2
n =  3, b =  1 9 9 9
0 1 2
n =  3, b =  3 9---------- ------9---------------- a
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n =  4, b =  1 0 •  • 1
or
2 • * 3
0
2 •  3










9  9 -------------------------------------------9 -------------------------------------------9 ------------------------------------------- 9
n =  5, 6 =  5 0 1 3 2 4
We actually found complete lists of quotient graphs for many other values 
of n and b. The numbers of quotient graphs given in the following table are 
minimal. Note that the numbers of graphs for n — 2, 3, 5, and 7 are known in 
view of the previous complete lists of graphs.
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Table IV. 1. Exact Numbers of Quotient Graphs










We have also obtained the following bounds on the number, q, of quotient 
graphs in other cases.
Table IV.2. Bounds on Numbers of Quotient Graphs
n b #  of graphs
6 3 2 < q < 4
10 10 i < q < 6
11 1 1 <  q <  2
11 11 3 <  q <  12
13 1 1 < q < 2
Further study may result in more complete lists of quotient graphs.
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APPENDIX A. CANDIDATES FOR M Q(S{P,  11))
This appendix and the next contain lists of candidates for modified quo­
tient graphs for various values of n and b. The graphs in the lists are the only 
graphs which satisfy the appropriate triples and degree rules. A generator, u>, of 
(Z/pZ)*/ S  is chosen, where u> =  2 if n — b. Then each graph is determined by 
listing the triples which are in its edge set. Each column in a list corresponds 
to a triple, T ij ,  of edges. Each line in a list defines a possible modified quotient 
graph. Where there is a 1 in a row, the triple corresponding to that column is 
a subset of the edge set of the graph. Where there is a 0 in a row, the triple 
corresponding to that column is not a subset of the edge set of the graph. The 
numbers on the left in these lists are for reference purposes only.
For example, in the list of possible modified quotient graphs for n  =  11 and 
6 = 1 1 ,  graph number 34 is the graph with edge set T\$  U T ^  UTjjj. Recall that 
we label modified quotient graphs with vertices 1, 2 , . . . ,  n — 1 where i represents 
the coset u>lS. We can draw this graph as follows.
2 <i---------------------1• 7
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T l ,2 Tx, 3 T xa r i , 5 T X,6 T i ,7 Tx,a Tlfi ^ 2 ,4 7 2 ,5 7 2 ,8 7 2 ,7 7 2 ,8 7 3 ,6 7 3 ,7
2 4 8 0 0 1 1 1 1 0 0 1 1 1 1 1 0 1
2 4 9 0 0 1 1 1 1 1 1 0 0 0 0 1 1 0
2 5 0 0 0 1 1 1 1 1 1 0 0 1 1 1 1 0
251 0 0 1 1 1 1 1 1 0 1 0 0 0 1 0
2 5 2 0 0 1 1 1 1 1 1 0 1 1 1 0 1 0
2 5 3 0 0 1 1 1 1 1 1 1 0 0 1 0 1 1
2 5 4 0 0 1 1 1 1 1 1 1 0 1 0 0 1 1
255 0 0 1 1 1 1 1 1 1 1 0 1 1 1 1
2 5 6 0 0 1 1 1 1 1 1 1 1 1 0 1 1 1
2 5 7 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 5 8 0 1 0 0 0 0 0 1 0 0 1 1 0 0 0
2 5 9 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0
2 6 0 0 1 0 0 0 0 0 1 0 1 1 1 1 0 0
261 0 1 0 0 0 0 0 1 1 0 0 1 1 0 1
2 6 2 0 1 0 0 0 0 0 1 1 0 1 0 1 0 1
2 6 3 0 1 0 0 0 0 0 1 1 1 0 1 0 0 1
2 6 4 0 1 0 0 0 0 0 1 1 1 1 0 0 0 1
2 6 5 0 1 0 0 0 0 1 0 0 0 0 1 0 1 0
2 6 6 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0
2 6 7 0 1 0 0 0 0 1 0 0 1 0 1 1 1 0
2 6 8 0 1 0 0 0 0 1 0 0 1 1 0 1 1 0
2 6 9 0 1 0 0 0 0 1 0 1 0 0 0 1 1 1
2 7 0 0 1 0 0 0 0 1 0 1 0 1 1 1 1 1
271 0 1 0 0 0 0 1 0 1 1 0 0 0 1 1
2 7 2 0 1 0 0 0 0 1 0 1 1 1 1 0 1
2 7 3 0 1 0 0 0 1 0 0 0 0 0 1 0 0 1
2 7 4 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1
2 7 5 0 1 0 0 0 1 0 0 0 1 0 1 1 0 1
2 7 6 0 1 0 0 0 1 0 0 0 1 1 0 1 0 1
2 7 7 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0
2 7 8 0 1 0 0 0 1 0 0 1 0 1 1 1 0 0
2 7 9 0 1 0 0 0 1 0 0 1 1 0 0 0 0 0
2 8 0 0 1 0 0 0 1 0 0 1 1 1 1 0 0 0
2 8 1 0 1 0 0 0 1 1 1 0 0 0 0 0 1 1
2 8 2 0 1 0 0 0 1 1 1 0 0 1 1 0 1 1
2 8 3 0 1 0 0 0 1 1 1 0 1 0 0 1 1 1
2 8 4 0 1 0 0 0 1 1 1 0 1 1 1 1 1 1
2 8 5 0 1 0 0 0 1 1 1 1 0 0 1 1 1 0
2 8 6 0 1 0 0 0 1 1 1 1 0 1 0 1 1 0
2 8 7 0 1 0 0 0 1 1 1 1 1 0 1 0 1 0
2 8 8 0 1 0 0 0 1 1 1 1 1 1 0 0 1 0
2 8 9 0 1 0 0 1 0 0 0 0 0 0 0 1 1 0
2 9 0 0 1 0 0 1 0 0 0 0 0 1 1 1 1 0
291 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0
2 9 2 0 1 0 0 1 0 0 0 0 1 1 1 0 1 0
2 9 3 0 1 0 0 1 0 0 0 1 0 0 1 0 1 1
2 9 4 0 1 0 0 1 0 0 0 1 0 1 0 0 1 1
2 9 5 0 1 0 0 1 0 0 0 1 1 0 1 1 1 1
2 9 6 0 1 0 0 1 0 0 0 1 1 1 0 1 1 1





















































Tl,2 2\ ,3 Tv A Ti,s T ifi T i , i 2l,8 T\,9 T2A 2̂,5 72,6 22,7 22,8 73,6 23,7
0 1 0 0 1 0 1 1 0 0 1 0 1 0 0
0 1 0 0 1 0 1 1 0 1 0 1 0 0 0
0 1 0 0 1 0 1 1 0 1 1 0 0 0 0
0 1 0 0 1 0 1 1 1 0 0 0 0 0 1
0 1 0 0 1 0 1 1 1 0 1 1 0 0 1
0 1 0 0 1 0 1 1 1 1 0 0 1 0 1
0 1 0 0 1 0 1 1 1 1 1 1 1 0 1
0 1 0 0 1 1 0 1 0 0 0 1 1 1 1
0 1 0 0 1 1 0 1 0 0 1 0 1 1 1
0 1 0 0 1 1 0 1 0 1 0 1 0 1 1
0 1 0 0 1 1 0 1 0 1 1 0 0 1 1
0 1 0 0 1 1 0 1 1 0 0 0 0 1 0
0 1 0 0 1 1 0 1 1 0 1 1 0 1 0
0 1 0 0 1 1 0 1 1 1 0 0 1 1 0
0 1 0 0 1 1 0 1 1 1 1 1 1 1 0
0 1 0 0 1 1 1 0 0 0 0 0 1 0 1
0 1 0 0 1 1 1 0 0 0 1 1 1 0 1
0 1 0 0 1 1 1 0 0 1 0 0 0 0 1
0 1 0 0 1 1 1 0 0 1 1 1 0 0 1
0 1 0 0 1 1 1 0 1 0 0 1 0 0 0
0 1 0 0 1 1 1 0 1 0 1 0 0 0 0
0 1 0 0 1 1 1 0 1 1 0 1 1 0 0
0 1 0 0 1 1 1 0 1 1 1 0 1 0 0
0 1 0 1 0 0 0 0 0 0 0 1 0 0 1
0 1 0 1 0 0 0 0 0 0 1 0 0 0 1
0 1 0 1 0 0 0 0 0 1 0 1 1 0 1
0 1 0 1 0 0 0 0 0 1 1 0 1 0 1
0 1 0 1 0 0 0 0 1 0 0 0 1 0 0
0 1 0 1 0 0 0 0 1 0 1 1 1 0 0
0 1 0 1 0 0 0 0 1 1 0 0 0 0 0
0 1 0 1 0 0 0 0 1 1 1 1 0 0 0
0 1 0 1 0 0 1 1 0 0 0 0 0 1 1
0 1 0 1 0 0 1 1 0 0 1 1 0 1 1
0 1 0 1 0 0 1 1 0 1 0 0 1 1 1
0 1 0 1 0 0 1 1 0 1 1 1 1 1 1
0 1 0 1 0 0 1 1 1 0 0 1 1 1 0
0 1 0 1 0 0 1 1 1 0 1 0 1 1 0
0 1 0 1 0 0 1 1 1 1 0 1 0 1 0
0 1 0 1 0 0 1 1 1 1 1 0 0 1 0
0 1 0 1 0 1 0 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 1 0 0 1 1 0 0 0
0 1 0 1 0 1 0 1 0 1 0 0 1 0 0
0 1 0 1 0 1 0 1 0 1 1 1 1 0 0
0 1 0 1 0 1 0 1 1 0 0 1 1 0 1
0 1 0 1 0 1 0 1 1 0 1 0 1 0 1
0 1 0 1 0 1 0 1 1 1 0 1 0 0 1
0 1 0 1 0 1 0 1 1 1 1 0 0 0 1
0 1 0 1 0 1 1 0 0 0 0 1 0 1 0
0 1 0 1 0 1 1 0 0 0 1 0 0 1 0
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rrt rri rr-» n n  rr> rr\ m  rr\ rri r ti  rri rri rri rri rri
-*1,2 -U ,3  J -1 ,4  J  1,5 -11,6 i  1,7 -11,8 -*1,9 -*2,4 -12,5 -12,6 2,7 1 -2 ,8  1 3,6 1 3,7
0 1 1 0 0 0 1 1 1 0 1 0 1 0 1
0 1 1 0 0 0 1 1 1 1 0 1 0 0 1
0 1 1 0 0 0 1 1 1 1 1 0 0 0 1
0 1 1 0 0 1 0 1 0 0 0 0 0 1 1
0 1 1 0 0 1 0 1 0 0 1 1 0 1 1
0 1 1 0 0 1 0 1 0 1 0 0 1 1 1
0 1 1 0 0 1 0 1 0 1 1 1 1 1 1
0 1 1 0 0 1 0 1 1 0 0 1 1 1 0
0 1 1 0 0 1 0 1 1 0 1 0 1 1 0
0 1 1 0 0 1 0 1 1 1 0 1 0 1 0
0 1 1 0 0 1 0 1 1 1 1 0 0 1 0
0 1 1 0 0 1 1 0 0 0 0 1 0 0 1
0 1 1 0 0 1 1 0 0 0 1 0 0 0 1
0 1 1 0 0 1 1 0 0 1 0 1 1 0 1
0 1 1 0 0 1 1 0 0 1 1 0 1 0 1
0 1 1 0 0 1 1 0 1 0 0 0 1 0 0
0 1 1 0 0 1 1 0 1 0 1 1 1 0 0
0 1 1 0 0 1 1 0 1 1 0 0 0 0 0
0 1 1 0 0 1 1 0 1 1 1 1 0 0 0
0 1 1 0 1 0 0 1 0 0 0 1 1 0 0
0 1 1 0 1 0 0 1 0 0 1 0 1 0 0
0 1 1 0 1 0 0 1 0 1 0 1 0 0 0
0 1 1 0 1 0 0 1 0 1 1 0 0 0 0
0 1 1 0 1 0 0 1 1 0 0 0 0 0 1
0 1 1 0 1 0 0 1 1 0 1 1 0 0 1
0 1 1 0 1 0 0 1 1 1 0 0 1 0 1
0 1 1 0 1 0 0 1 1 1 1 1 1 0 1
0 1 1 0 1 0 1 0 0 0 0 0 1 1 0
0 1 1 0 1 0 1 0 0 0 1 1 1 1 0
0 1 1 0 1 0 1 0 0 1 0 0 0 1 0
0 1 1 0 1 0 1 0 0 1 1 1 0 1 0
0 1 1 0 1 0 1 0 1 0 0 1 0 1 1
0 1 1 0 1 0 1 0 1 0 1 0 0 1 1
0 1 1 0 1 0 1 0 1 1 0 1 1 1 1
0 1 1 0 1 0 1 0 1 1 1 0 1 1 1
0 1 1 0 1 1 0 0 0 0 0 0 1 0 1
0 1 1 0 1 1 0 0 0 0 1 1 1 0 1
0 1 1 0 1 1 0 0 0 1 0 0 0 0 1
0 1 1 0 1 1 0 0 0 1 1 1 0 0 1
0 1 1 0 1 1 0 0 1 0 0 1 0 0 0
0 1 1 0 1 1 0 0 1 0 1 0 0 0 0
0 1 1 0 1 1 0 0 1 1 0 1 1 0 0
0 1 1 0 1 1 0 0 1 1 1 0 1 0 0
0 1 1 0 1 1 1 1 0 0 0 1 1 1 1
0 1 1 0 1 1 1 1 0 0 1 0 1 1 1
0 1 1 0 1 1 1 1 0 1 0 1 0 1 1
0 1 1 0 1 1 1 1 0 1 1 0 0 1 1
0 1 1 0 1 1 1 1 1 0 0 0 0 1 0
0 1 1 0 1 1 1 1 1 0 1 1 0 1 0





















































T rji rri rri rr? rri rf? rri rri rri rr? rri rj? rri rri
1,2 1,3 -11,4 -11,5 -*1,6 -*1,7 -*1,8 -*1,9 -*2,4 -*2,5 -*2,6 -*2,7 ^  2,8 -*3,6 J-3,7
0 1 1 0 1 1 1 1 1 1 1 1 1 1 0
0 1 1 1 0 0 0 1 0 0 0 0 0 1 1
0 1 1 1 0 0 0 1 0 0 1 1 0 1 1
0 1 1 1 0 0 0 1 0 1 0 0 1 1 1
0 1 1 1 0 0 0 1 0 1 1 1 1 1 1
0 1 1 1 0 0 0 1 1 0 0 1 1 1 0
0 1 1 1 0 0 0 1 1 0 1 0 1 1 0
0 1 1 1 0 0 0 1 1 1 0 1 0 1 0
0 1 1 1 0 0 0 1 1 1 1 0 0 1 0
0 1 1 1 0 0 1 0 0 0 0 1 0 0 1
0 1 1 1 0 0 1 0 0 0 1 0 0 0 1
0 1 1 1 0 0 1 0 0 1 0 1 1 0 1
0 1 1 1 0 0 1 0 0 1 1 0 1 0 1
0 1 1 1 0 0 1 0 1 0 0 0 1 0 0
0 1 1 1 0 0 1 0 1 0 1 1 1 0 0
0 1 1 1 0 0 1 0 1 1 0 0 0 0 0
0 1 1 1 0 0 1 0 1 1 1 1 0 0 0
0 1 1 1 0 1 0 0 0 0 0 1 0 1 0
0 1 1 1 0 1 0 0 0 0 1 0 0 1 0
0 1 1 1 0 1 0 0 0 1 0 1 1 1 0
0 1 1 1 0 1 0 0 0 1 1 0 1 1 0
0 1 1 1 0 1 0 0 1 0 0 0 1 1 1
0 1 1 1 0 1 0 0 1 0 1 1 1 1 1
0 1 1 1 0 1 0 0 1 1 0 0 0 1 1
0 1 1 1 0 1 0 0 1 1 1 1 0 1 1
0 1 1 1 0 1 1 1 0 0 0 0 0 0 0
0 1 1 1 0 1 1 1 0 0 1 1 0 0 0
0 1 1 1 0 1 1 1 0 1 0 0 1 0 0
0 1 1 1 0 1 1 1 0 1 1 1 1 0 0
0 1 1 1 0 1 1 1 1 0 0 1 1 0 1
0 1 1 1 0 1 1 1 1 0 1 0 1 0 1
0 1 1 1 0 1 1 1 1 1 0 1 0 0 1
0 1 1 1 0 1 1 1 1 1 1 0 0 0 1
0 1 1 1 1 0 0 0 0 0 0 0 1 0 1
0 1 1 1 1 0 0 0 0 0 1 1 1 0 1
0 1 1 1 1 0 0 0 0 1 0 0 0 0 1
0 1 1 1 1 0 0 0 0 1 1 1 0 0 1
0 1 1 1 1 0 0 0 1 0 0 1 0 0 0
0 1 1 1 1 0 0 0 1 0 1 0 0 0 0
0 1 1 1 1 0 0 0 1 1 0 1 1 0 0
0 1 1 1 1 0 0 0 1 1 1 0 1 0 0
0 1 1 1 1 0 1 1 0 0 0 1 1 1 1
0 1 1 1 1 0 1 1 0 0 1 0 1 1 1
0 1 1 1 1 0 1 1 0 1 0 1 0 1 1
0 1 1 1 1 0 1 1 0 1 1 0 0 1 1
0 1 1 1 1 0 1 1 1 0 0 0 0 1 0
0 1 1 1 1 0 1 1 1 0 1 1 0 1 0
0 1 1 1 1 0 1 1 1 1 0 0 1 1 0
0 1 1 1 1 0 1 1 1 1 1 1 1 1 0
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rrt rrt rrt rrt rrt rr t rrt rrt rr i rr t rrt rr i rr t r r t rrt
■*1,2 -*1,3 -11,4 -*1,5 -*1,0 -*1,7 * 1 ,8  * 1 ,9  * 2 ,4  * 2 ,5  * 2 ,6  *  2,7 * 2 ,8  * 3 ,6  * 3 ,7
1 0 0 0 1 0 0 1 0 1 1 1 1 0 1
1 0 0 0 1 0 0 1 1 0 0 1 1 0 0
1 0 0 0 1 0 0 1 1 0 1 0 1 0 0
1 0 0 0 1 0 0 1 1 1 0 1 0 0 0
1 0 0 0 1 0 0 1 1 1 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0 1 0 1 1
1 0 0 0 1 0 1 0 0 0 1 0 0 1 1
1 0 0 0 1 0 1 0 0 1 0 1 1 1 1
1 0 0 0 1 0 1 0 0 1 1 0 1 1 1
1 0 0 0 1 0 1 0 1 0 0 0 1 1 0
1 0 0 0 1 0 1 0 1 0 1 1 1 1 0
1 0 0 0 1 0 1 0 1 1 0 0 0 1 0
1 0 0 0 1 0 1 0 1 1 1 1 0 1 0
1 0 0 0 1 1 0 0 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 1 0 0 0 1 0 1 1 0 0
1 0 0 0 1 1 0 0 0 1 1 0 1 0 0
1 0 0 0 1 1 0 0 1 0 0 0 1 0 1
1 0 0 0 1 1 0 0 1 0 1 1 1 0 1
1 0 0 0 1 1 0 0 1 1 0 0 0 0 1
1 0 0 0 1 1 0 0 1 1 1 1 0 0 1
1 0 0 0 1 1 1 1 0 0 0 0 0 1 0
1 0 0 0 1 1 1 1 0 0 1 1 0 1 0
1 0 0 0 1 1 1 1 0 1 0 0 1 1 0
1 0 0 0 1 1 1 1 0 1 1 1 1 1 0
1 0 0 0 1 1 1 1 1 0 0 1 1 1 1
1 0 0 0 1 1 1 1 1 0 1 0 1 1 1
1 0 0 0 1 1 1 1 1 1 0 1 0 1 1
1 0 0 0 1 1 1 1 1 1 1 0 0 1 1
1 0 0 1 0 0 0 1 0 0 0 1 1 1 0
1 0 0 1 0 0 0 1 0 0 1 0 1 1 0
1 0 0 1 0 0 0 1 0 1 0 1 0 1 0
1 0 0 1 0 0 0 1 0 1 1 0 0 1 0
1 0 0 1 0 0 0 1 1 0 0 0 0 1 1
1 0 0 1 0 0 0 1 1 0 1 1 0 1 1
1 0 0 1 0 0 0 1 1 1 0 0 1 1 1
1 0 0 1 0 0 0 1 1 1 1 1 1 1 1
1 0 0 1 0 0 1 0 0 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0 1 1 1 0 0
1 0 0 1 0 0 1 0 0 1 0 0 0 0 0
1 0 0 1 0 0 1 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 1 0 1 0 0 0 1
1 0 0 1 0 0 1 0 1 1 0 1 1 0 1
1 0 0 1 0 0 1 0 1 1 1 0 1 0 1
1 0 0 1 0 1 0 0 0 0 0 0 1 1 1
1 0 0 1 0 1 0 0 0 0 1 1 1 1 1
1 0 0 1 0 1 0 0 0 1 0 0 0 1 1
1 0 0 1 0 1 0 0 0 1 1 1 0 1 1





















































T r r i r r i r r i r r i r p r r i r r i r p r p r p r p r p r p r p
1,2 -* 1,3 -*1,4 -*1,5 -*1,6 -*1,7 -*1,8 -*1,9 -*2,4 -*2,5 -*2,6 -*2,7 -*2,8 -*3,6 -*3,7
1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
1 0 0 1 0 1 0 0 1 1 0 1 1 1 0
1 0 0 1 0 1 0 0 1 1 1 0 1 1 0
1 0 0 1 0 1 1 1 0 0 0 1 1 0 1
1 0 0 1 0 1 1 1 0 0 1 0 1 0 1
1 0 0 1 0 1 1 1 0 1 0 1 0 0 1
1 0 0 1 0 1 1 1 0 1 1 0 0 0 1
1 0 0 1 0 1 1 1 1 0 0 0 0 0 0
1 0 0 1 0 1 1 1 1 0 1 1 0 0 0
1 0 0 1 0 1 1 1 1 1 0 0 1 0 0
1 0 0 1 0 1 1 1 1 1 1 1 1 0 0
1 0 0 1 1 0 0 0 0 0 0 1 0 0 0
1 0 0 1 1 0 0 0 0 0 1 0 0 0 0
1 0 0 1 1 0 0 0 0 1 0 1 1 0 0
1 0 0 1 1 0 0 0 0 1 1 0 1 0 0
1 0 0 1 1 0 0 0 1 0 0 0 1 0 1
1 0 0 1 1 0 0 0 1 0 1 1 1 0 1
1 0 0 1 1 0 0 0 1 1 0 0 0 0 1
1 0 0 1 1 0 0 0 1 1 1 1 0 0 1
1 0 0 1 1 0 1 1 0 0 0 0 0 1 0
1 0 0 1 1 0 1 1 0 0 1 1 0 1 0
1 0 0 1 1 0 1 1 0 1 0 0 1 1 0
1 0 0 1 1 0 1 1 0 1 1 1 1 1 0
1 0 0 1 1 0 1 1 1 0 0 1 1 1 1
1 0 0 1 1 0 1 1 1 0 1 0 1 1 1
1 0 0 1 1 0 1 1 1 1 0 1 0 1 1
1 0 0 1 1 0 1 1 1 1 1 0 0 1 1
1 0 0 1 1 1 0 1 0 0 0 0 0 0 1
1 0 0 1 1 1 0 1 0 0 1 1 0 0 1
1 0 0 1 1 1 0 1 0 1 0 0 1 0 1
1 0 0 1 1 1 0 1 0 1 1 1 1 0 1
1 0 0 1 1 1 0 1 1 0 0 1 1 0 0
1 0 0 1 1 1 0 1 1 0 1 0 1 0 0
1 0 0 1 1 1 0 1 1 1 0 1 0 0 0
1 0 0 1 1 1 0 1 1 1 1 0 0 0 0
1 0 0 1 1 1 1 0 0 0 0 1 0 1 1
1 0 0 1 1 1 1 0 0 0 1 0 0 1 1
1 0 0 1 1 1 1 0 0 1 0 1 1 1 1
1 0 0 1 1 1 1 0 0 1 1 0 1 1 1
1 0 0 1 1 1 1 0 1 0 0 0 1 1 0
1 0 0 1 1 1 1 0 1 0 1 1 1 1 0
1 0 0 1 1 1 1 0 1 1 0 0 0 1 0
1 0 0 1 1 1 1 0 1 1 1 1 0 1 0
1 0 1 0 0 0 0 1 0 0 0 1 1 0 1
1 0 1 0 0 0 0 1 0 0 1 0 1 0 1
1 0 1 0 0 0 0 1 0 1 0 1 0 0 1
1 0 1 0 0 0 0 1 0 1 1 0 0 0 1
1 0 1 0 Q 0 0 1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 1 1 0 1 1 0 0 0
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rr i rr i rr \ rr i rri rr i rri rrt rr i rri rr i rri rr i rri rri
-11,2 -11,3 -11,4 4 1 ,5  4 1 ,6  4  1,7 4 1 ,8  4 1 ,9  4 2 ,4  4 2 ,5  4 2 ,6  4 2 ,7  4 2 ,8  4 3 ,6  4 3 ,7
0 0 0 1 1 1 1 0 1 0 0 0 1
0 0 0 1 1 1 1 1 0 1 1 0 1
0 0 0 1 1 1 1 1 1 0 1 0 1
0 0 1 0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 1 1 0 0 1
0 0 1 0 0 0 0 1 0 0 1 0 1
0 0 1 0 0 0 0 1 1 1 1 0 1
0 0 1 0 0 0 1 0 0 1 1 0 0
0 0 1 0 0 0 1 0 1 0 1 0 0
0 0 1 0 0 0 1 1 0 1 0 0 0
0 0 1 0 0 0 1 1 1 0 0 0 0
0 0 1 0 1 1 0 0 0 1 0 1 1
0 0 1 0 1 1 0 0 1 0 0 1 1
0 0 1 0 1 1 0 1 0 1 1 1 1
0 0 1 0 1 1 0 1 1 0 1 1 1
0 0 1 0 1 1 1 0 0 0 1 1 0
0 0 1 0 1 1 1 0 1 1 1 1 0
0 0 1 0 1 1 1 1 0 0 0 1 0
0 0 1 0 1 1 1 1 1 1 0 1 0
0 0 1 1 0 1 0 0 0 1 0 0 0
0 0 1 1 0 1 0 0 1 0 0 0 0
0 0 1 1 0 1 0 1 0 1 1 0 0
0 0 1 1 0 1 0 1 1 0 1 0 0
0 0 1 1 0 1 1 0 0 0 1 0 1
0 0 1 1 0 1 1 0 1 1 1 0 1
0 0 1 1 0 1 1 1 0 0 0 0 1
0 0 1 1 0 1 1 1 1 1 0 0 1
0 0 1 1 1 0 0 0 0 0 0 1 0
0 0 1 1 1 0 0 0 1 1 0 1 0
0 0 1 1 1 0 0 1 0 0 1 1 0
0 0 1 1 1 0 0 1 1 1 1 1 0
0 0 1 1 1 0 1 0 0 1 1 1 1
0 0 1 1 1 0 1 0 1 0 1 1 1
0 0 1 1 1 0 1 1 0 1 0 1 1
0 0 1 1 1 0 1 1 1 0 0 1 1
0 1 0 0 0 0 0 0 0 1 1 1 0
0 1 0 0 0 0 0 0 1 0 1 1 0
0 1 0 0 0 0 0 1 0 1 0 1 0
0 1 0 0 0 0 0 1 1 0 0 1 0
0 1 0 0 0 0 1 0 0 0 0 1 1
0 1 0 0 0 0 1 0 1 1 0 1 1
0 1 0 0 0 0 1 1 0 0 1 1 1
0 1 0 0 0 0 1 1 1 1 1 1 1
0 1 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 1 1 0 0 1 1 1 0 0
0 1 0 0 1 1 0 1 0 0 0 0 0
0 1 0 0 1 1 0 1 1 1 0 0 0
0 1 0 0 1 1 1 0 0 1 0 0 1
0 1 0 0 1 1 1 0 1 0 0 0 1
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rr t rrt rr i rr i rri rri rr i rri rri rri rri rri rri rri rri
*  1,2 1,3 -*1,4 -*1,5 -*1,6 -*1,7 -*1,8 -*1,9 -*2,4 -*2,5 -*2,6 -*2,7 -*2,8 -*3,6 -*3,7
1 1 1 0 0 0 0 0 0 0 1 0 1 0 1
1 1 1 0 0 0 0 0 0 1 0 1 0 0 1
1 1 1 0 0 0 0 0 0 1 1 0 0 0 1
1 1 1 0 0 0 0 0 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 1 0 1 1 0 0 0
1 1 1 0 0 0 0 0 1 1 0 0 1 0 0
1 1 1 0 0 0 0 0 1 1 1 1 1 0 0
1 1 1 0 0 0 1 1 0 0 0 0 1 1 1
1 1 1 0 0 0 1 1 0 0 1 1 1 1 1
1 1 1 0 0 0 1 1 0 1 0 0 0 1 1
1 1 1 0 0 0 1 1 0 1 1 1 0 1 1
1 1 1 0 0 0 1 1 1 0 0 1 0 1 0
1 1 1 0 0 0 1 1 1 0 1 0 0 1 0
1 1 1 0 0 0 1 1 1 1 0 1 1 1 0
1 1 1 0 0 0 1 1 1 1 1 0 1 1 0
1 1 1 0 0 1 0 1 0 0 0 0 1 0 0
1 1 1 0 0 1 0 1 0 0 1 1 1 0 0
1 1 1 0 0 1 0 1 0 1 0 0 0 0 0
1 1 1 0 0 1 0 1 0 1 1 1 0 0 0
1 1 1 0 0 1 0 1 1 0 0 1 0 0 1
1 1 1 0 0 1 0 1 1 0 1 0 0 0 1
1 1 1 0 0 1 0 1 1 1 0 1 1 0 1
1 1 1 0 0 1 0 1 1 1 1 0 1 0 1
1 1 1 0 0 1 1 0 0 0 0 1 1 1 0
1 1 1 0 0 1 1 0 0 0 1 0 1 1 0
1 1 1 0 0 1 1 0 0 1 0 1 0 1 0
1 1 1 0 0 1 1 0 0 1 1 0 0 1 0
1 1 1 0 0 1 1 0 1 0 0 0 0 1 1
1 1 1 0 0 1 1 0 1 0 1 1 0 1 1
1 1 1 0 0 1 1 0 1 1 0 0 1 1 1
1 1 1 0 0 1 1 0 1 1 1 1 1 1 1
1 1 1 0 1 0 0 1 0 0 0 1 0 1 1
1 1 1 0 1 0 0 1 0 0 1 0 0 1 1
1 1 1 0 1 0 0 1 0 1 0 1 1 1 1
1 1 1 0 1 0 0 1 0 1 1 0 1 1 1
1 1 1 0 1 0 0 1 1 0 0 0 1 1 0
1 1 1 0 1 0 0 1 1 0 1 1 1 1 0
1 1 1 0 1 0 0 1 1 1 0 0 0 1 0
1 1 1 0 1 0 0 1 1 1 1 1 0 1 0
1 1 1 0 1 0 1 0 0 0 0 0 0 0 1
1 1 1 0 1 0 1 0 0 0 1 1 0 0 1
1 1 1 0 1 0 1 0 0 1 0 0 1 0 1
1 1 1 0 1 0 1 0 0 1 1 1 1 0 1
1 1 1 0 1 0 1 0 1 0 0 1 1 0 0
1 1 1 0 1 0 1 0 1 0 1 0 1 0 0
1 1 1 0 1 0 1 0 1 1 0 1 0 0 0
1 1 1 0 1 0 1 0 1 1 1 0 0 0 0
1 1 1 0 1 1 0 0 0 0 0 0 0 1 0
1 1 1 0 1 1 0 0 0 0 1 1 0 1 0




















































Ti,2 Ti,a Tifi Tifi Tifi Ti.1 Tifi Tifi Tifi 22,5 Tifi 72,7 oo 23,6 23,7
1 1 1 0 1 1 0 0 0 1 1 1 1 1 0
1 1 1 0 1 1 0 0 1 0 0 1 1 1 1
1 1 1 0 1 1 0 0 1 0 1 0 1 1 1
1 1 1 0 1 1 0 0 1 1 0 1 0 1 1
1 1 1 0 1 1 0 0 1 1 1 0 0 1 1
1 1 1 0 1 1 1 1 0 0 0 1 0 0 0
1 1 1 0 1 1 1 1 0 0 1 0 0 0 0
1 1 1 0 1 1 1 1 0 1 0 1 1 0 0
1 1 1 0 1 1 1 1 0 1 1 0 1 0 0
1 1 1 0 1 1 1 1 1 0 0 0 1 0 1
1 1 1 0 1 1 1 1 1 0 1 1 1 0 1
1 1 1 0 1 1 1 1 1 1 0 0 0 0 1
1 1 1 0 1 1 1 1 1 1 1 1 0 0 1
1 1 1 1 0 0 0 1 0 0 0 0 1 0 0
1 1 1 1 0 0 0 1 0 0 1 1 1 0 0
1 1 1 1 0 0 0 1 0 1 0 0 0 0 0
1 1 1 1 0 0 0 1 0 1 1 1 0 0 0
1 1 1 1 0 0 0 1 1 0 0 1 0 0 1
1 1 1 1 0 0 0 1 1 0 1 0 0 0 1
1 1 1 1 0 0 0 1 1 1 0 1 1 0 1
1 1 1 1 0 0 0 1 1 1 1 0 1 0 1
1 1 1 1 0 0 1 0 0 0 0 1 1 1 0
1 1 1 1 0 0 1 0 0 0 1 0 1 1 0
1 1 1 1 0 0 1 0 0 1 0 1 0 1 0
1 1 1 1 0 0 1 0 0 1 1 0 0 1 0
1 1 1 1 0 0 1 0 1 0 0 0 0 1 1
1 1 1 1 0 0 1 0 1 0 1 1 0 1 1
1 1 1 1 0 0 1 0 1 1 0 0 1 1 1
1 1 1 1 0 0 1 0 1 1 1 1 1 1 1
1 1 1 1 0 1 0 0 0 0 0 1 1 0 1
1 1 1 1 0 1 0 0 0 0 1 0 1 0 1
1 1 1 1 0 1 0 0 0 1 0 1 0 0 1
1 1 1 1 0 1 0 0 0 1 1 0 0 0 1
1 1 1 1 0 1 0 0 1 0 0 0 0 0 0
1 1 1 1 0 1 0 0 1 0 1 1 0 0 0
1 1 1 1 0 1 0 0 1 1 0 0 1 0 0
1 1 1 1 0 1 0 0 1 1 1 1 1 0 0
1 1 1 1 0 1 1 1 0 0 0 0 1 1 1
1 1 1 1 0 1 1 1 0 0 1 1 1 1 1
1 1 1 1 0 1 1 1 0 1 0 0 0 1 1
1 1 1 1 0 1 1 1 0 1 1 1 0 1 1
1 1 1 1 0 1 1 1 1 0 0 1 0 1 0
1 1 1 1 0 1 1 1 1 0 1 0 0 1 0
1 1 1 1 0 1 1 1 1 1 0 1 1 1 0
1 1 1 1 0 1 1 1 1 1 1 0 1 1 0
1 1 1 1 1 0 0 0 0 0 0 0 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 0
1 1 1 1 1 0 0 0 0 1 0 0 1 1 0
1 1 1 1 1 0 0 0 0 1 1 1 1 1 0
1 1 1 1 1 0 0 0 1 0 0 1 1 1 1
table cont’d
Tifi Tifi Tifi Tifi Tifi Tifi Tifi Tifi 22,4 T2fi 2*2,6 22,7 22,8 T̂ fi Tzfi
9 9 8  : 1 1 1 1 1 0 0 0 1 0 1 0 1 1 1
9 9 9  : 1 1 1 1 1 0 0 0 1 1 0 1 0 1 1
10 0 0 1 1 1 1 1 0 0 0 1 1 1 0 0 1 1
1001 1 1 1 1 1 0 1 1 0 0 0 1 0 0 0
10 0 2 1 1 1 1 1 0 1 1 0 0 1 0 0 0 0
1003 1 1 1 1 1 0 1 1 0 1 0 1 1 0 0
10 0 4 1 1 1 1 1 0 1 1 0 1 1 0 1 0 0
1005 1 1 1 1 1 0 1 1 1 0 0 0 1 0 1
10 0 6 1 1 1 1 1 0 1 1 1 0 1 1 1 0 1
1 0 0 7 1 1 1 1 1 0 1 1 1 1 0 0 0 0 1
1 0 0 8 1 1 1 1 1 0 1 1 1 1 1 1 0 0 1
1 0 0 9 1 1 1 1 1 1 0 1 0 0 0 1 0 1 1
1 0 1 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 1
1011 1 1 1 1 1 1 0 1 0 1 0 1 1 1 1
1 0 1 2 1 1 1 1 1 1 0 1 0 1 1 0 1 1 1
10 1 3 1 1 1 1 1 1 0 1 1 0 0 0 1 1 0
10 1 4 1 1 1 1 1 1 0 1 1 0 1 1 1 1 0
1015 1 1 1 1 1 1 0 1 1 1 0 0 0 1 0
1 0 1 6 1 1 1 1 1 1 0 1 1 1 1 1 0 1 0
10 1 7 1 1 1 1 1 1 1 0 0 0 0 0 0 0 1
10 1 8 1 1 1 1 1 1 1 0 0 0 1 1 0 0 1
10 1 9 1 1 1 1 1 1 1 0 0 1 0 0 1 0 1
1020 1 1 1 1 1 1 1 0 0 1 1 1 1 0 1
1021 1 1 1 1 1 1 1 0 1 0 0 1 1 0 0
1022 1 1 1 1 1 1 1 0 1 0 1 0 1 0 0
10 2 3 1 1 1 1 1 1 1 0 1 1 0 1 0 0 0
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m  rr \ rr\ r p  r p  r p  r p  m  r p  r p  r p  r p  r p  r p  r p
-*1,2 -*1,3 -*1,4 -*1,5 -*1,6 -*1,7 -*1,8 -*1,9 -*2,4 -*2,5 -*2,6 -*2,7 -*2,8 -*3,6 -*3,7
0 0 1 1 1 1 0 1 1 1 1 1 0 1 1
0 0 1 1 1 1 1 0 0 0 0 0 0 0 0
0 0 1 1 1 1 1 0 0 0 1 1 0 0 0
0 0 1 1 1 1 1 0 0 1 0 0 1 0 0
0 0 1 1 1 1 1 0 0 1 1 1 1 0 0
0 0 1 1 1 1 1 0 1 0 0 1 1 0 1
0 0 1 1 1 1 1 0 1 0 1 0 1 0 1
0 0 1 1 1 1 1 0 1 1 0 1 0 0 1
0 0 1 1 1 1 1 0 1 1 1 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 1 0
0 1 0 0 0 0 0 0 0 0 1 1 1 1 0
0 1 0 0 0 0 0 0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 0 0 1 1 1 0 1 0
0 1 0 0 0 0 0 0 1 0 0 1 0 1 1
0 1 0 0 0 0 0 0 1 0 1 0 0 1 1
0 1 0 0 0 0 0 0 1 1 0 1 1 1 1
0 1 0 0 0 0 0 0 1 1 1 0 1 1 1
0 1 0 0 0 0 1 1 0 0 0 1 1 0 0
0 1 0 0 0 0 1 1 0 0 1 0 1 0 0
0 1 0 0 0 0 1 1 0 1 0 1 0 0 0
0 1 0 0 0 0 1 1 0 1 1 0 0 0 0
0 1 0 0 0 0 1 1 1 0 0 0 0 0 1
0 1 0 0 0 0 1 1 1 0 1 1 0 0 1
0 1 0 0 0 0 1 1 1 1 0 0 1 0 1
0 1 0 0 0 0 1 1 1 1 1 1 1 0 1
0 1 0 0 0 1 0 1 0 0 0 1 1 1 1
0 1 0 0 0 1 0 1 0 0 1 0 1 1 1
0 1 0 0 0 1 0 1 0 1 0 1 0 1 1
0 1 0 0 0 1 0 1 0 1 1 0 0 1 1
0 1 0 0 0 1 0 1 1 0 0 0 0 1 0
0 1 0 0 0 1 0 1 1 0 1 1 0 1 0
0 1 0 0 0 1 0 1 1 1 0 0 1 1 0
0 1 0 0 0 1 0 1 1 1 1 1 1 1 0
0 1 0 0 0 1 1 0 0 0 0 0 1 0 1
0 1 0 0 0 1 1 0 0 0 1 1 1 0 1
0 1 0 0 0 1 1 0 0 1 0 0 0 0 1
0 1 0 0 0 1 1 0 0 1 1 1 0 0 1
0 1 0 0 0 1 1 0 1 0 0 1 0 0 0
0 1 0 0 0 1 1 0 1 0 1 0 0 0 0
0 1 0 0 0 1 1 0 1 1 0 1 1 0 0
0 1 0 0 0 1 1 0 1 1 1 0 1 0 0
0 1 0 0 1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 1 1 0 0 0
0 1 0 0 1 0 0 1 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 1 1 1 1 0 0
0 1 0 0 1 0 0 1 1 0 0 1 1 0 1
0 1 0 0 1 0 0 1 1 0 1 0 1 0 1
0 1 0 0 1 0 0 1 1 1 0 1 0 0 1
0 1 0 0 1 0 0 1 1 1 1 0 0 0 1
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f~f~\ rri rr\ rri rr\ rri r j~i r~r\ rj~\ rri rri rr~i rry rr\ rri
1  1,2 1 1 ,3  J  1,4 -11,5 J  1,6 l l , 7  1 1 ,8  1 1 ,9  1 2 ,4  1 2 ,5  1 2 ,6  1 2 ,7  1 2 ,8  1 3 ,6  1 3 ,7
0 1 1 0 0 0 1 0 1 0 1 0 0 1 1
0 1 1 0 0 0 1 0 1 1 0 1 1 1 1
0 1 1 0 0 0 1 0 1 1 1 0 1 1 1
0 1 1 0 0 1 0 0 0 0 0 0 1 0 1
0 1 1 0 0 1 0 0 0 0 1 1 1 0 1
0 1 1 0 0 1 0 0 0 1 0 0 0 0 1
0 1 1 0 0 1 0 0 0 1 1 1 0 0 1
0 1 1 0 0 1 0 0 1 0 0 1 0 0 0
0 1 1 0 0 1 0 0 1 0 1 0 0 0 0
0 1 1 0 0 1 0 0 1 1 0 1 1 0 0
0 1 1 0 0 1 0 0 1 1 1 0 1 0 0
0 1 1 0 0 1 1 1 0 0 0 1 1 1 1
0 1 1 0 0 1 1 1 0 0 1 0 1 1 1
0 1 1 0 0 1 1 1 0 1 0 1 0 1 1
0 1 1 0 0 1 1 1 0 1 1 0 0 1 1
0 1 1 0 0 1 1 1 1 0 0 0 0 1 0
0 1 1 0 0 1 1 1 1 0 1 1 0 1 0
0 1 1 0 0 1 1 1 1 1 0 0 1 1 0
0 1 1 0 0 1 1 1 1 1 1 1 1 1 0
0 1 1 0 1 0 0 0 0 0 0 1 0 1 0
0 1 1 0 1 0 0 0 0 0 1 0 0 1 0
0 1 1 0 1 0 0 0 0 1 0 1 1 1 0
0 1 1 0 1 0 0 0 0 1 1 0 1 1 0
0 1 1 0 1 0 0 0 1 0 0 0 1 1 1
0 1 1 0 1 0 0 0 1 0 1 1 1 1 1
0 1 1 0 1 0 0 0 1 1 0 0 0 1 1
0 1 1 0 1 0 0 0 1 1 1 1 0 1 1
0 1 1 0 1 0 1 1 0 0 0 0 0 0 0
0 1 1 0 1 0 1 1 0 0 1 1 0 0 0
0 1 1 0 1 0 1 1 0 1 0 0 1 0 0
0 1 1 0 1 0 1 1 0 1 1 1 1 0 0
0 1 1 0 1 0 1 1 1 0 0 1 1 0 1
0 1 1 0 1 0 1 1 1 0 1 0 1 0 1
0 1 1 0 1 0 1 1 1 1 0 1 0 0 1
0 1 1 0 1 0 1 1 1 1 1 0 0 0 1
0 1 1 0 1 1 0 1 0 0 0 0 0 1 1
0 1 1 0 1 1 0 1 0 0 1 1 0 1 1
0 1 1 0 1 1 0 1 0 1 0 0 1 1 1
0 1 1 0 1 1 0 1 0 1 1 1 1 1 1
0 1 1 0 1 1 0 1 1 0 0 1 1 1 0
0 1 1 0 1 1 0 1 1 0 1 0 1 1 0
0 1 1 0 1 1 0 1 1 1 0 1 0 1 0
0 1 1 0 1 1 0 1 1 1 1 0 0 1 0
0 1 1 0 1 1 1 0 0 0 0 1 0 0 1
0 1 1 0 1 1 1 0 0 0 1 0 0 0 1
0 1 1 0 1 1 1 0 0 1 0 1 1 0 1
0 1 1 0 1 1 1 0 0 1 1 0 1 0 1
0 1 1 0 1 1 1 0 1 0 0 0 1 0 0
0 1 1 0 1 1 1 0 1 0 1 1 1 0 0





















































Ti rri rri rri rri rri rri rri rri rri rri rri rri rri rri1,2 * 1 ,3  -*1,4 -11,5 *  1,0 -*1,7 -*1,8 -*1,9 -*2,4 -*2,5 -*2,6 -*2,7 * 2 ,8  * 3 ,6  * 3 ,7
0 1 1 0 1 1 1 0 1 1 1 1 0 0 0
0 1 1 1 0 0 0 0 0 0 0 0 1 0 1
0 1 1 1 0 0 0 0 0 0 1 1 1 0 1
0 1 1 1 0 0 0 0 0 1 0 0 0 0 1
0 1 1 1 0 0 0 0 0 1 1 1 0 0 1
0 1 1 1 0 0 0 0 1 0 0 1 0 0 0
0 1 1 1 0 0 0 0 1 0 1 0 0 0 0
0 1 1 1 0 0 0 0 1 1 0 1 1 0 0
0 1 1 1 0 0 0 0 1 1 1 0 1 0 0
0 1 1 1 0 0 1 1 0 0 0 1 1 1 1
0 1 1 1 0 0 1 1 0 0 1 0 1 1 1
0 1 1 1 0 0 1 1 0 1 0 1 0 1 1
0 1 1 1 0 0 1 1 0 1 1 0 0 1 1
0 1 1 1 0 0 1 1 1 0 0 0 0 1 0
0 1 1 1 0 0 1 1 1 0 1 1 0 1 0
0 1 1 1 0 0 1 1 1 1 0 0 1 1 0
0 1 1 1 0 0 1 1 1 1 1 1 1 1 0
0 1 1 1 0 1 0 1 0 0 0 1 1 0 0
0 1 1 1 0 1 0 1 0 0 1 0 1 0 0
0 1 1 1 0 1 0 1 0 1 0 1 0 0 0
0 1 1 1 0 1 0 1 0 1 1 0 0 0 0
0 1 1 1 0 1 0 1 1 0 0 0 0 0 1
0 1 1 1 0 1 0 1 1 0 1 1 0 0 1
0 1 1 1 0 1 0 1 1 1 0 0 1 0 1
0 1 1 1 0 1 0 1 1 1 1 1 1 0 1
0 1 1 1 0 1 1 0 0 0 0 0 1 1 0
0 1 1 1 0 1 1 0 0 0 1 1 1 1 0
0 1 1 1 0 1 1 0 0 1 0 0 0 1 0
0 1 1 1 0 1 1 0 0 1 1 1 0 1 0
0 1 1 1 0 1 1 0 1 0 0 1 0 1 1
0 1 1 1 0 1 1 0 1 0 1 0 0 1 1
0 1 1 1 0 1 1 0 1 1 0 1 1 1 1
0 1 1 1 0 1 1 0 1 1 1 0 1 1 1
0 1 1 1 1 0 0 1 0 0 0 0 0 1 1
0 1 1 1 1 0 0 1 0 0 1 1 0 1 1
0 1 1 1 1 0 0 1 0 1 0 0 1 1 1
0 1 1 1 1 0 0 1 0 1 1 1 1 1 1
0 1 1 1 1 0 0 1 1 0 0 1 1 1 0
0 1 1 1 1 0 0 1 1 0 1 0 1 1 0
0 1 1 1 1 0 0 1 1 1 0 1 0 1 0
0 1 1 1 1 0 0 1 1 1 1 0 0 1 0
0 1 1 1 1 0 1 0 0 0 0 1 0 0 1
0 1 1 1 1 0 1 0 0 0 1 0 0 0 1
0 1 1 1 1 0 1 0 0 1 0 1 1 0 1
0 1 1 1 1 0 1 0 0 1 1 0 1 0 1
0 1 1 1 1 0 1 0 1 0 0 0 1 0 0
0 1 1 1 1 0 1 0 1 0 1 1 1 0 0
0 1 1 1 1 0 1 0 1 1 0 0 0 0 0
0 1 1 1 1 0 1 0 1 1 1 1 0 0 0
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5̂ pH rH rH pH CD D̂ D̂ D̂ pH pH pH pH ^5 O* CD CD pH pH pH pH 5̂ D̂ D̂ O t̂H pH pH pH CD CD CD O pH pH pH pH 5̂ rH pH pH pH CD pH Ĥ
OtHOOtHOtHOiHO^—♦rHOTHOOtHOrHpHOtHOiHOi^OOpHOi—♦^HO’—«OOiHOrHOiHOrHtHO»—tOOrHO
pH 5̂ pH pH CD pH fH pH (O *H CD pH D̂ pH 5̂ pH CD pH CD pH 5̂ pH pH fH pH pH pH CD pH CD pH 5̂ pH D̂ pH 5̂ pH pH CD pH 5̂ pH pH
5̂ pH pH D̂ pH pH D̂ D̂ pH pH D̂ D̂ pH pH CD CD pH pH 5̂ <0 pH pH CD D̂ pH CD CD pH pH 5̂ 5̂ pH pH CD D̂ pH pH O D̂ pH pH CD D̂ pH iH CD CD H
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rHrHpHpHpHTHpHpHpHpHpH^HpHpHpHOOOOOOOOOOOOOOOOpHTHrHpHpHTHTHpH.HpH^HpHpHpHpHpHOOO
pH pH pH pH iH pH iH pH pH pH pH tH tH pH tH O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O p-h i H iH
pH pH pH pH pH pH pH pH pH pH pH pH pH pH pH O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O
pH pH pH pH pH pH pH pH pH pH pH pH pH pH pH O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O
pH pH pH pH pH pH pH pH pH pH pH tH pH pH pH O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O
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T rp rri rp rri rri rri rri rri rri rri rri rri rri rp
1,2 11,3 -11,4 j 1,5 -11,6 -11,7 -11,8 -M,9 J2,4 -12,5 -*2,6 -12,7 -12,8 -13,8 -13,7
1 0 0 0 1 0 0 0 0 1 1 1 0 1 1
1 0 0 0 1 0 0 0 1 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1 1 0 1 1 1 0
1 0 0 0 1 0 0 0 1 1 1 0 1 1 0
1 0 0 0 1 0 1 1 0 0 0 1 1 0 1
1 0 0 0 1 0 1 1 0 0 1 0 1 0 1
1 0 0 0 1 0 1 1 0 1 0 1 0 0 1
1 0 0 0 1 0 1 1 0 1 1 0 0 0 1
1 0 0 0 1 0 1 1 1 0 0 0 0 0 0
1 0 0 0 1 0 1 1 1 0 1 1 0 0 0
1 0 0 0 1 0 1 1 1 1 0 0 1 0 0
1 0 0 0 1 0 1 1 1 1 1 1 1 0 0
1 0 0 0 1 1 0 1 0 0 0 1 1 1 0
1 0 0 0 1 1 0 1 0 0 1 0 1 1 0
1 0 0 0 1 1 0 1 0 1 0 1 0 1 0
1 0 0 0 1 1 0 1 0 1 1 0 0 1 0
1 0 0 0 1 1 0 1 1 0 0 0 0 1 1
1 0 0 0 1 1 0 1 1 0 1 1 0 1 1
1 0 0 0 1 1 0 1 1 1 0 0 1 1 1
1 0 0 0 1 1 0 1 1 1 1 1 1 1 1
1 0 0 0 1 1 1 0 0 0 0 0 1 0 0
1 0 0 0 1 1 1 0 0 0 1 1 1 0 0
1 0 0 0 1 1 1 0 0 1 0 0 0 0 0
1 0 0 0 1 1 1 0 0 1 1 1 0 0 0
1 0 0 0 1 1 1 0 1 0 0 1 0 0 1
1 0 0 0 1 1 1 0 1 0 1 0 0 0 1
1 0 0 0 1 1 1 0 1 1 0 1 1 0 1
1 0 0 0 1 1 1 0 1 1 1 0 1 0 1
1 0 0 1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0 1 0 1 1 0 0
1 0 0 1 0 0 0 0 0 1 1 0 1 0 0
1 0 0 1 0 0 0 0 1 0 0 0 1 0 1
1 0 0 1 0 0 0 0 1 0 1 1 1 0 1
1 0 0 1 0 0 0 0 1 1 0 0 0 0 1
1 0 0 1 0 0 0 0 1 1 1 1 0 0 1
1 0 0 1 0 0 1 1 0 0 0 0 0 1 0
1 0 0 1 0 0 1 1 0 0 1 1 0 1 0
1 0 0 1 0 0 1 1 0 1 0 0 1 1 0
1 0 0 1 0 0 1 1 0 1 1 1 1 1 0
1 0 0 1 0 0 1 1 1 0 0 1 1 1 1
1 0 0 1 0 0 1 1 1 0 1 0 1 1 1
1 0 0 1 0 0 1 1 1 1 0 1 0 1 1
1 0 0 1 0 0 1 1 1 1 1 0 0 1 1
1 0 0 1 0 1 0 1 0 0 0 0 0 0 1
1 0 0 1 0 1 0 1 0 0 1 1 0 0 1
1 0 0 1 0 1 0 1 0 1 0 0 1 0 1
1 0 0 1 0 1 0 1 0 1 1 1 1 0 1
1 0 0 1 0 1 0 1 1 0 0 1 1 0 0
table cont’d
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T l,2  Ti <3 Tl,4 Tl,5 Tl,7 Z l,8 7"l ,9 ^2,4 72,5 72,6 72,7 72,8 73,6 73,7
5 9 8 1 0 0 1 0 1 0 1 1 0 1 0 1 0 0
5 9 9 1 0 0 1 0 1 0 1 1 1 0 1 0 0 0
6 0 0 1 0 0 1 0 1 0 1 1 1 1 0 0 0 0
601 1 0 0 1 0 1 1 0 0 0 0 1 0 1 1
6 0 2 1 0 0 1 0 1 1 0 0 0 1 0 0 1 1
6 0 3 1 0 0 1 0 1 1 0 0 1 0 1 1 1 1
6 0 4 1 0 0 1 0 1 1 0 0 1 1 0 1 1 1
6 0 5 1 0 0 1 0 1 1 0 1 0 0 0 1 1 0
6 0 6 1 0 0 1 0 1 1 0 1 0 1 1 1 1 0
6 0 7 1 0 0 1 0 1 1 0 1 1 0 0 0 1 0
6 0 8 1 0 0 1 0 1 1 0 1 1 1 1 0 1 0
6 0 9 1 0 0 1 1 0 0 1 0 0 0 1 1 1 0
6 1 0 1 0 0 1 1 0 0 1 0 0 1 0 1 1 0
6 1 1 1 0 0 1 1 0 0 1 0 1 0 1 0 1 0
6 1 2 1 0 0 1 1 0 0 1 0 1 1 0 0 1 0
6 1 3 1 0 0 1 1 0 0 1 1 0 0 0 0 1 1
6 1 4 1 0 0 1 1 0 0 1 1 0 1 1 0 1 1
6 1 5 1 0 0 1 1 0 0 1 1 1 0 0 1 1 1
6 1 6 1 0 0 1 1 0 0 1 1 1 1 1 1 1 1
6 1 7 1 0 0 1 1 0 1 0 0 0 0 0 1 0 0
6 1 8 1 0 0 1 1 0 1 0 0 0 1 1 1 0 0
6 1 9 1 0 0 1 1 0 1 0 0 1 0 0 0 0 0
6 2 0 1 0 0 1 1 0 1 0 0 1 1 1 0 0 0
621 1 0 0 1 1 0 1 0 1 0 0 1 0 0 1
6 2 2 1 0 0 1 1 0 1 0 1 0 1 0 0 0 1
6 2 3 1 0 0 1 1 0 1 0 1 1 0 1 1 0 1
6 2 4 1 0 0 1 1 0 1 0 1 1 1 0 1 0 1
6 2 5 1 0 0 1 1 1 0 0 0 0 0 0 1 1 1
6 2 6 1 0 0 1 1 1 0 0 0 0 1 1 1 1 1
6 2 7 1 0 0 1 1 1 0 0 0 1 0 0 0 1 1
6 2 8 1 0 0 1 1 1 0 0 0 1 1 1 0 1 1
6 2 9 1 0 0 1 1 1 0 0 1 0 0 1 0 1 0
6 3 0 1 0 0 1 1 1 0 0 1 0 1 0 0 1 0
631 1 0 0 1 1 1 0 0 1 1 0 1 1 1 0
6 3 2 1 0 0 1 1 1 0 0 1 1 1 0 1 1 0
6 3 3 1 0 0 1 1 1 1 1 0 0 0 1 1 0 1
6 3 4 1 0 0 1 1 1 1 1 0 0 1 0 1 0 1
6 3 5 1 0 0 1 1 1 1 1 0 1 0 1 0 0 1
6 3 6 1 0 0 1 1 1 1 1 0 1 1 0 0 0 1
6 3 7 1 0 0 1 1 1 1 1 1 0 0 0 0 0 0
6 3 8 1 0 0 1 1 1 1 1 1 0 1 1 0 0 0
6 3 9 1 0 0 1 1 1 1 1 1 1 0 0 1 0 0
6 4 0 1 0 0 1 1 1 1 1 1 1 1 1 1 0 0
6 4 1 1 0 1 0 0 0 0 0 0 0 0 1 0 1 1
6 4 2 1 0 1 0 0 0 0 0 0 0 1 0 0 1 1
6 4 3 1 0 1 0 0 0 0 0 0 1 0 1 1 1 1
6 4 4 1 0 1 0 0 0 0 0 0 1 1 0 1 1 1
6 4 5 1 0 1 0 0 0 0 0 1 0 0 0 1 1 0
6 4 6 1 0 1 0 0 0 0 0 1 0 1 1 1 1 0




















































T i,2 T\fl 7 i , 4  T\fi Tifi Tifi Tifi 7 2 ,4 7 2 ,5 7 2 ,6 r 2 ,7 7 2 ,8 7 3 ,6 73,7
1 0 1 0 0 0 0 0 1 1 1 1 0 1 0
1 0 1 0 0 0 1 1 0 0 0 0 0 0 1
1 0 1 0 0 0 1 1 0 0 1 1 0 0 1
1 0 1 0 0 0 1 1 0 1 0 0 1 0 1
1 0 1 0 0 0 1 1 0 1 1 1 1 0 1
1 0 1 0 0 0 1 1 1 0 0 1 1 0 0
1 0 1 0 0 0 1 1 1 0 1 0 1 0 0
1 0 1 0 0 0 1 1 1 1 0 1 0 0 0
1 0 1 0 0 0 1 1 1 1 1 0 0 0 0
1 0 1 0 0 1 0 1 0 0 0 0 0 1 0
1 0 1 0 0 1 0 1 0 0 1 1 0 1 0
1 0 1 0 0 1 0 1 0 1 0 0 1 1 0
1 0 1 0 0 1 0 1 0 1 1 1 1 1 0
1 0 1 0 0 1 0 1 1 0 0 1 1 1 1
1 0 1 0 0 1 0 1 1 0 1 0 1 1 1
1 0 1 0 0 1 0 1 1 1 0 1 0 1 1
1 0 1 0 0 1 0 1 1 1 1 0 0 1 1
1 0 1 0 0 1 1 0 0 0 0 1 0 0 0
1 0 1 0 0 1 1 0 0 0 1 0 0 0 0
1 0 1 0 0 1 1 0 0 1 0 1 1 0 0
1 0 1 0 0 1 1 0 0 1 1 0 1 0 0
1 0 1 0 0 1 1 0 1 0 0 0 1 0 1
1 0 1 0 0 1 1 0 1 0 1 1 1 0 1
1 0 1 0 0 1 1 0 1 1 0 0 0 0 1
1 0 1 0 0 1 1 0 1 1 1 1 0 0 1
1 0 1 0 1 0 0 1 0 0 0 1 1 0 1
1 0 1 0 1 0 0 1 0 0 1 0 1 0 1
1 0 1 0 1 0 0 1 0 1 0 1 0 0 1
1 0 1 0 1 0 0 1 0 1 1 0 0 0 1
1 0 1 0 1 0 0 1 1 0 0 0 0 0 0
1 0 1 0 1 0 0 1 1 0 1 1 0 0 0
1 0 1 0 1 0 0 1 1 1 0 0 1 0 0
1 0 1 0 1 0 0 1 1 1 1 1 1 0 0
1 0 1 0 1 0 1 0 0 0 0 0 1 1 1
1 0 1 0 1 0 1 0 0 0 1 1 1 1 1
1 0 1 0 1 0 1 0 0 1 0 0 0 1 1
1 0 1 0 1 0 1 0 0 1 1 1 0 1 1
1 0 1 0 1 0 1 0 1 0 0 1 0 1 0
1 0 1 0 1 0 1 0 1 0 1 0 0 1 0
1 0 1 0 1 0 1 0 1 1 0 1 1 1 0
1 0 1 0 1 0 1 0 1 1 1 0 1 1 0
1 0 1 0 1 1 0 0 0 0 0 0 1 0 0
1 0 1 0 1 1 0 0 0 0 1 1 1 0 0
1 0 1 0 1 1 0 0 0 1 0 0 0 0 0
1 0 1 0 1 1 0 0 0 1 1 1 0 0 0
1 0 1 0 1 1 0 0 1 0 0 1 0 0 1
1 0 1 0 1 1 0 0 1 0 1 0 0 0 1
1 0 1 0 1 1 0 0 1 1 0 1 1 0 1
1 0 1 0 1 1 0 0 1 1 1 0 1 0 1
1 0 1 0 1 1 1 1 0 0 0 1 1 1 0
table cont’d
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T1 T» HP rP  T* HP n~> 'T 1 /Tt T* HP T* /TT rp1,2 *  1,3 *  1,4 * 1 ,5  -*1,6 * 1 ,7  * 1 ,8  * 1 ,9  * 2 ,4  * 2 ,5  * 2 ,6  * 2 ,7  * 2 ,8  * 3 ,6  * 3 ,7
6 9 8 1 0 0 1 1 1 1 0 0 1 0 1 1 0
6 9 9 1 0 0 1 1 1 1 0 1 0 1 0 1 0
7 0 0 1 0 0 1 1 1 1 0 1 1 0 0 1 0
701 1 0 0 1 1 1 1 1 0 0 0 0 1 1
702 1 0 0 1 1 1 1 1 0 1 1 0 1 1
703 1 0 0 1 1 1 1 1 1 0 0 1 1 1
7 0 4 1 0 0 1 1 1 1 1 1 1 1 1 1 1
705 1 0 1 0 0 0 1 0 0 0 0 0 1 0
706 1 0 1 0 0 0 1 0 0 1 1 0 1 0
7 0 7 1 0 1 0 0 0 1 0 1 0 0 1 1 0
708 1 0 1 0 0 0 1 0 1 1 1 1 1 0
709 1 0 1 0 0 0 1 1 0 0 1 1 1 1
710 1 0 1 0 0 0 1 1 0 1 0 1 1 1
711 1 0 1 0 0 0 1 1 1 0 1 0 1 1
712 1 0 1 0 0 0 1 1 1 1 0 0 1 1
713 1 0 1 0 0 1 0 0 0 0 1 0 0 0
7 1 4 1 0 1 0 0 1 0 0 0 1 0 0 0 0
715 1 0 1 0 0 1 0 0 1 0 1 1 0 0
7 1 6 1 0 1 0 0 1 0 0 1 1 0 1 0 0
7 1 7 1 0 1 0 0 1 0 1 0 0 0 1 0 1
7 1 8 1 0 1 0 0 1 0 1 0 1 1 1 0 1
7 1 9 1 0 1 0 0 1 0 1 1 0 0 0 0 1
720 1 0 1 0 0 1 0 1 1 1 1 0 0 1
721 1 0 1 0 1 0 0 0 0 0 1 0 1 1
722 1 0 1 0 1 0 0 0 0 1 0 0 1 1
7 2 3 1 0 1 0 1 0 0 0 1 0 1 1 1 1
7 2 4 1 0 1 0 1 0 0 0 1 1 0 1 1 1
725 1 0 1 0 1 0 0 1 0 0 0 1 1 0
726 1 0 1 0 1 0 0 1 0 1 1 1 1 0
7 2 7 1 0 1 0 1 0 0 1 1 0 0 0 1 0
728 1 0 1 0 1 0 0 1 1 1 1 0 1 0
729 1 0 1 0 1 1 1 0 0 0 0 0 0 1
7 3 0 1 0 1 0 1 1 1 0 0 1 1 0 0 1
731 1 0 1 0 1 1 1 0 1 0 0 1 0 1
732 1 0 1 0 1 1 1 0 1 1 1 1 0 1
733 1 0 1 0 1 1 1 1 0 0 1 1 0 0
7 3 4 1 0 1 0 1 1 1 1 0 1 0 1 0 0
735 1 0 1 0 1 1 1 1 1 0 1 0 0 0
736 1 0 1 0 1 1 1 1 1 1 0 0 0 0
7 3 7 1 0 1 1 0 0 0 0 0 0 0 1 0 0
7 3 8 1 0 1 1 0 0 0 0 0 1 1 1 0 0
7 3 9 1 0 1 1 0 0 0 0 1 0 0 0 0 0
7 4 0 1 0 1 1 0 0 0 0 1 1 1 0 0 0
741 1 0 1 1 0 0 0 1 0 0 1 0 0 1
742 1 0 1 1 0 0 0 1 0 1 0 0 0 1
7 4 3 1 0 1 1 0 0 0 1 1 0 1 1 0 1
7 4 4 1 0 1 1 0 0 0 1 1 1 0 1 0 1
745 1 0 1 1 0 1 1 0 0 0 1 1 1 0
7 4 6 1 0 1 1 0 1 1 0 0 1 0 1 1 0
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1.4 Tifi 21,6 21.7 Tl, 8 2l,0 22.4 22,5 CD
E? 22,7 GO
E? 23,6 23,7
0 0 0 1 1 0 1 0 1 0 1 1 1
0 0 0 1 1 0 1 1 0 1 0 1 1
0 0 0 1 1 0 1 1 1 0 0 1 1
0 0 1 0 0 1 0 0 0 0 1 1 1
0 0 1 0 0 1 0 0 1 1 1 1 1
0 0 1 0 0 1 0 1 0 0 0 1 1
0 0 1 0 0 1 0 1 1 1 0 1 1
0 0 1 0 0 1 1 0 0 1 0 1 0
0 0 1 0 0 1 1 0 1 0 0 1 0
0 0 1 0 0 1 1 1 0 1 1 1 0
0 0 1 0 0 1 1 1 1 0 1 1 0
0 0 1 0 1 0 0 0 0 1 1 0 1
0 0 1 0 1 0 0 0 1 0 1 0 1
0 0 1 0 1 0 0 1 0 1 0 0 1
0 0 1 0 1 0 0 1 1 0 0 0 1
0 0 1 0 1 0 1 0 0 0 0 0 0
0 0 1 0 1 0 1 0 1 1 0 0 0
0 0 1 0 1 0 1 1 0 0 1 0 0
0 0 1 0 1 0 1 1 1 1 1 0 0
0 0 1 1 0 0 0 0 0 1 1 1 0
0 0 1 1 0 0 0 0 1 0 1 1 0
0 0 1 1 0 0 0 1 0 1 0 1 0
0 0 1 1 0 0 0 1 1 0 0 1 0
0 0 1 1 0 0 1 0 0 0 0 1 1
0 0 1 1 0 0 1 0 1 1 0 1 1
0 0 1 1 0 0 1 1 0 0 1 1 1
0 0 1 1 0 0 1 1 1 1 1 1 1
0 0 1 1 1 1 0 0 0 0 1 0 0
0 0 1 1 1 1 0 0 1 1 1 0 0
0 0 1 1 1 1 0 1 0 0 0 0 0
0 0 1 1 1 1 0 1 1 1 0 0 0
0 0 1 1 1 1 1 0 0 1 0 0 1
0 0 1 1 1 1 1 0 1 0 0 0 1
0 0 1 1 1 1 1 1 0 1 1 0 1
0 0 1 1 1 1 1 1 1 0 1 0 1
0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 1 0 0 0 0
0 1 0 0 0 1 0 1 0 1 1 0 0
0 1 0 0 0 1 0 1 1 0 1 0 0
0 1 0 0 0 1 1 0 0 0 1 0 1
0 1 0 0 0 1 1 0 1 1 1 0 1
0 1 0 0 0 1 1 1 0 0 0 0 1
0 1 0 0 0 1 1 1 1 1 0 0 1
0 1 0 0 1 0 0 0 0 0 0 1 0
0 1 0 0 1 0 0 0 1 1 0 1 0
0 1 0 0 1 0 0 1 0 0 1 1 0
0 1 0 0 1 0 0 1 1 1 1 1 0
0 1 0 0 1 0 1 0 0 1 1 1 1
0 1 0 0 1 0 1 0 1 0 1 1 1




















































T \ t2 Ti,3 Tl,5 T,,o T l,1 T ifi Tl.9 T2,4 72,5 72,6 72,7 72,8 73,6 73,7
1 1 0 1 0 0 1 0 1 1 1 0 0 1 1
1 1 0 1 0 1 0 0 0 0 0 0 0 0 1
1 1 0 1 0 1 0 0 0 0 1 1 0 0 1
1 1 0 1 0 1 0 0 0 1 0 0 1 0 1
1 1 0 1 0 1 0 0 0 1 1 1 1 0 1
1 1 0 1 0 1 0 0 1 0 0 1 1 0 0
1 1 0 1 0 1 0 0 1 0 1 0 1 0 0
1 1 0 1 0 1 0 0 1 1 0 1 0 0 0
1 1 0 1 0 1 0 0 1 1 1 0 0 0 0
1 1 0 1 0 1 1 1 0 0 0 1 0 1 1
1 1 0 1 0 1 1 1 0 0 1 0 0 1 1
1 1 0 1 0 1 1 1 0 1 0 1 1 1 1
1 1 0 1 0 1 1 1 0 1 1 0 1 1 1
1 1 0 1 0 1 1 1 1 0 0 0 1 1 0
1 1 0 1 0 1 1 1 1 0 1 1 1 1 0
1 1 0 1 0 1 1 1 1 1 0 0 0 1 0
1 1 0 1 0 1 1 1 1 1 1 1 0 1 0
1 1 0 1 1 0 0 0 0 0 0 1 1 1 0
1 1 0 1 1 0 0 0 0 0 1 0 1 1 0
1 1 0 1 1 0 0 0 0 1 0 1 0 1 0
1 1 0 1 1 0 0 0 0 1 1 0 0 1 0
1 1 0 1 1 0 0 0 1 0 0 0 0 1 1
1 1 0 1 1 0 0 0 1 0 1 1 0 1 1
1 1 0 1 1 0 0 0 1 1 0 0 1 1 1
1 1 0 1 1 0 0 0 1 1 1 1 1 1 1
1 1 0 1 1 0 1 1 0 0 0 0 1 0 0
1 1 0 1 1 0 1 1 0 0 1 1 1 0 0
1 1 0 1 1 0 1 1 0 1 0 0 0 0 0
1 1 0 1 1 0 1 1 0 1 1 1 0 0 0
1 1 0 1 1 0 1 1 1 0 0 1 0 0 1
1 1 0 1 1 0 1 1 1 0 1 0 0 0 1
1 1 0 1 1 0 1 1 1 1 0 1 1 0 1
1 1 0 1 1 0 1 1 1 1 1 0 1 0 1
1 1 0 1 1 1 0 1 0 0 0 0 1 1 1
1 1 0 1 1 1 0 1 0 0 1 1 1 1 1
1 1 0 1 1 1 0 1 0 1 0 0 0 1 1
1 1 0 1 1 1 0 1 0 1 1 1 0 1 1
1 1 0 1 1 1 0 1 1 0 0 1 0 1 0
1 1 0 1 1 1 0 1 1 0 1 0 0 1 0
1 1 0 1 1 1 0 1 1 1 0 1 1 1 0
1 1 0 1 1 1 0 1 1 1 1 0 1 1 0
1 1 0 1 1 1 1 0 0 0 0 1 1 0 1
1 1 0 1 1 1 1 0 0 0 1 0 1 0 1
1 1 0 1 1 1 1 0 0 1 0 1 0 0 1
1 1 0 1 1 1 1 0 0 1 1 0 0 0 1
1 1 0 1 1 1 1 0 1 0 0 0 0 0 0
1 1 0 1 1 1 1 0 1 0 1 1 0 0 0
1 1 0 1 1 1 1 0 1 1 0 0 1 0 0
1 1 0 1 1 1 1 0 1 1 1 1 1 0 0





















































rr i rri r t i  rr i rr i rri rr i rr i rri rr i r t i  rri rri rr i rri
4 1 ,2  J  1,3 1 1 ,4  -11,5 1 1 ,6  1 1 ,7  1 1 ,8  J -1 ,9  4 2 ,4 1 2 ,5  4 2 ,6  4 2 ,7  4 2 ,8 4 3i6 4 3 ,7
1 1 1 0 0 0 0 1 0 0 1 0 0 1 1
1 1 1 0 0 0 0 1 0 1 0 1 1 1 1
1 1 1 0 0 0 0 1 0 1 1 0 1 1 1
1 1 1 0 0 0 0 1 1 0 0 0 1 1 0
1 1 1 0 0 0 0 1 1 0 1 1 1 1 0
1 1 1 0 0 0 0 1 1 1 0 0 0 1 0
1 1 1 0 0 0 0 1 1 1 1 1 0 1 0
1 1 1 0 0 0 1 0 0 0 0 0 0 0 1
1 1 1 0 0 0 1 0 0 0 1 1 0 0 1
1 1 1 0 0 0 1 0 0 1 0 0 1 0 1
1 1 1 0 0 0 1 0 0 1 1 1 1 0 1
1 1 1 0 0 0 1 0 1 0 0 1 1 0 0
1 1 1 0 0 0 1 0 1 0 1 0 1 0 0
1 1 1 0 0 0 1 0 1 1 0 1 0 0 0
1 1 1 0 0 0 1 0 1 1 1 0 0 0 0
1 1 1 0 0 1 0 0 0 0 0 0 0 1 0
1 1 1 0 0 1 0 0 0 0 1 1 0 1 0
1 1 1 0 0 1 0 0 0 1 0 0 1 1 0
1 1 1 0 0 1 0 0 0 1 1 1 1 1 0
1 1 1 0 0 1 0 0 1 0 0 1 1 1 1
1 1 1 0 0 1 0 0 1 0 1 0 1 1 1
1 1 1 0 0 1 0 0 1 1 0 1 0 1 1
1 1 1 0 0 1 0 0 1 1 1 0 0 1 1
1 1 1 0 0 1 1 1 0 0 0 1 0 0 0
1 1 1 0 0 1 1 1 0 0 1 0 0 0 0
1 1 1 0 0 1 1 1 0 1 0 1 1 0 0
1 1 1 0 0 1 1 1 0 1 1 0 1 0 0
1 1 1 0 0 1 1 1 1 0 0 0 1 0 1
1 1 1 0 0 1 1 1 1 0 1 1 1 0 1
1 1 1 0 0 1 1 1 1 1 0 0 0 0 1
1 1 1 0 0 1 1 1 1 1 1 1 0 0 1
1 1 1 0 1 0 0 0 0 0 0 1 1 0 1
1 1 1 0 1 0 0 0 0 0 1 0 1 0 1
1 1 1 0 1 0 0 0 0 1 0 1 0 0 1
1 1 1 0 1 0 0 0 0 1 1 0 0 0 1
1 1 1 0 1 0 0 0 1 0 0 0 0 0 0
1 1 1 0 1 0 0 0 1 0 1 1 0 0 0
1 1 1 0 1 0 0 0 1 1 0 0 1 0 0
1 1 1 0 1 0 0 0 1 1 1 1 1 0 0
1 1 1 0 1 0 1 1 0 0 0 0 1 1 1
1 1 1 0 1 0 1 1 0 0 1 1 1 1 1
1 1 1 0 1 0 1 1 0 1 0 0 0 1 1
1 1 1 0 1 0 1 1 0 1 1 1 0 1 1
1 1 1 0 1 0 1 1 1 0 0 1 0 1 0
1 1 1 0 1 0 1 1 1 0 1 0 0 1 0
1 1 1 0 1 0 1 1 1 1 0 1 1 1 0
1 1 1 0 1 0 1 1 1 1 1 0 1 1 0
1 1 1 0 1 1 0 1 0 0 0 0 1 0 0
1 1 1 0 1 1 0 1 0 0 1 1 1 0 0





















































rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri
-*1,2 -*1,3 -*1,4 -*1,5 -*1,6 -*1,7 -*1,8 -*1,9 -*2,4 ^*2,5 -*2,6 -*2,7 -*2,8 -*3,6 -*3,7
1 1 1 0 1 1 0 1 0 1 1 1 0 0 0
1 1 1 0 1 1 0 1 1 0 0 1 0 0 1
1 1 1 0 1 1 0 1 1 0 1 0 0 0 1
1 1 1 0 1 1 0 1 1 1 0 1 1 0 1
1 1 1 0 1 1 0 1 1 1 1 0 1 0 1
1 1 1 0 1 1 1 0 0 0 0 1 1 1 0
1 1 1 0 1 1 1 0 0 0 1 0 1 1 0
1 1 1 0 1 1 1 0 0 1 0 1 0 1 0
1 1 1 0 1 1 1 0 0 1 1 0 0 1 0
1 1 1 0 1 1 1 0 1 0 0 0 0 1 1
1 1 1 0 1 1 1 0 1 0 1 1 0 1 1
1 1 1 0 1 1 1 0 1 1 0 0 1 1 1
1 1 1 0 1 1 1 0 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0 0 0 0 0 0 1 0
1 1 1 1 0 0 0 0 0 0 1 1 0 1 0
1 1 1 1 0 0 0 0 0 1 0 0 1 1 0
1 1 1 1 0 0 0 0 0 1 1 1 1 1 0
1 1 1 1 0 0 0 0 1 0 0 1 1 1 1
1 1 1 1 0 0 0 0 1 0 1 0 1 1 1
0 0 0 0 1 1 0 1 0 1 1
1 1 1 1 0 0 0 0 1 1 1 0 0 1 1
1 1 1 1 0 0 1 1 0 0 0 1 0 0 0
1 1 1 1 0 0 1 1 0 0 1 0 0 0 0
1 1 1 1 0 0 1 1 0 1 0 1 1 0 0
1 1 1 1 0 0 1 1 0 1 1 0 1 0 0
1 1 1 1 0 0 1 1 1 0 0 0 1 0 1
1 1 1 1 0 0 1 1 1 0 1 1 1 0 1
1 1 1 1 0 0 1 1 1 1 0 0 0 0 1
1 1 1 1 0 0 1 1 1 1 1 1 0 0 1
1 1 1 1 0 1 0 1 0 0 0 1 0 1 1
1 1 1 1 0 1 0 1 0 0 1 0 0 1 1
1 1 1 1 0 1 0 1 0 1 0 1 1 1 1
1 1 1 1 0 1 0 1 0 1 1 0 1 1 1
1 1 1 1 0 1 0 1 1 0 0 0 1 1 0
1 1 1 1 0 1 0 1 1 0 1 1 1 1 0
1 1 1 1 0 1 0 1 1 1 0 0 0 1 0
1 1 1 1 0 1 0 1 1 1 1 1 0 1 0
1 1 1 1 0 1 1 0 0 0 0 0 0 0 1
1 1 1 1 0 1 1 0 0 0 1 1 0 0 1
1 1 1 1 0 1 1 0 0 1 0 0 1 0 1
1 1 1 1 0 1 1 0 0 1 1 1 1 0 1
1 1 1 1 0 1 1 0 1 0 0 1 1 0 0
1 1 1 1 0 1 1 0 1 0 1 0 1 0 0
1 1 1 1 0 1 1 0 1 1 0 1 0 0 0
1 1 1 1 0 1 1 0 1 1 1 0 0 0 0
1 1 1 1 1 0 0 1 0 0 0 0 1 0 0
1 1 1 1 1 0 0 1 0 0 1 1 1 0 0
1 1 1 1 1 0 0 1 0 1 0 0 0 0 0
1 1 1 1 1 0 0 1 0 1 1 1 0 0 0
1 1 1 1 1 0 0 1 1 0 0 1 0 0 1
table cont’d
159
7 \,2  11,3 7 i , 4 T i,5 Tl,1 T l,8 Zl.9 T2A T2,5 ^2,6 7*2,7 00
£
73,a 73,7
9 9 8  : 1 1 1 1 1 0 0 1 1 0 1 0 0 0 1
9 9 9  : 1 1 1 1 1 0 0 1 1 1 0 1 1 0 1
1 0 0 0 1 1 1 1 1 0 0 1 1 1 1 0 1 0 1
1001 1 1 1 1 1 0 1 0 0 0 0 1 1 1 0
1 0 0 2 1 1 1 1 1 0 1 0 0 0 1 0 1 1 0
1 0 0 3 1 1 1 1 1 0 1 0 0 1 0 1 0 1 0
1 0 0 4 1 1 1 1 1 0 1 0 0 1 1 0 0 1 0
1 0 0 5 1 1 1 1 1 0 1 0 1 0 0 0 0 1 1
1 0 0 6 1 1 1 1 1 0 1 0 1 0 1 1 0 1 1
1 0 0 7 1 1 1 1 I 0 1 0 1 1 0 0 1 1 1
1 0 0 8 1 1 1 1 1 0 1 0 1 1 1 1 1 1 1
1 0 0 9 1 1 1 1 1 1 0 0 0 0 0 1 1 0 1
1 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 1 0 1
1011 1 1 1 1 1 1 0 0 0 1 0 1 0 0 1
1 0 1 2 1 1 1 1 1 1 0 0 0 1 1 0 0 0 1
1 0 1 3 1 1 1 1 1 1 0 0 1 0 0 0 0 0 0
1 0 1 4 1 1 1 1 1 1 0 0 1 0 1 1 0 0 0
1 0 1 5 1 1 1 1 1 1 0 0 1 1 0 0 1 0 0
1 0 1 6 1 1 1 1 1 1 0 0 1 1 1 1 1 0 0
1 0 1 7 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1
1 0 1 8 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1
1 0 1 9 1 1 1 1 1 1 1 1 0 1 0 0 0 1 1
1 0 2 0 1 1 1 1 1 1 1 1 0 1 1 1 0 1 1
1021 1 1 1 1 1 1 1 1 1 0 0 1 0 1 0
1022 1 1 1 1 1 1 1 1 1 0 1 0 0 1 0
1 0 2 3 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0
1 0 2 4 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0
APPENDIX B. CANDIDATES FOR M Q ( S ( P , N )) FOR N  NOT PRIME 
See Appendix A for instructions on how to read the following lists.
Table B .l. Possible M Q (S)  for n — 8 and b =  1 or 2
T l ,2 Tifl Tia Tl,5 Tifi 2 V 72,5
1 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0
3 0 0 0 1 1 0 1
4 0 0 0 1 1 1 1
5 0 0 1 0 1 0 1
6 0 0 1 0 1 1 1
7 0 0 1 1 0 0 0
8 0 0 1 1 0 1 0
9 0 1 0 0 1 0 0
10 0 1 0 0 1 1 0
11 0 1 0 1 0 0 1
12 0 1 0 1 0 1 1
13 0 1 1 0 0 0 1
14 0 1 1 0 0 1 1
15 0 1 1 1 1 0 0
16 0 1 1 1 1 1 0
17 1 0 0 0 0 0 1
18 1 0 0 0 0 1 1
19 1 0 0 1 1 0 0
20 1 0 0 1 1 1 0
21 1 0 1 0 1 0 0
22 1 0 1 0 1 1 0
23 1 0 1 1 0 0 1
24 1 0 1 1 0 1 1
25 1 1 0 0 1 0 1
26 1 1 0 0 1 1 1
27 1 1 0 1 0 0 0
28 1 1 0 1 0 1 0
29 1 1 1 0 0 0 0
30 1 1 1 0 0 1 0
31 1 1 1 1 1 0 1



































Table B.2. Possible M Q ( S ) for n =  8 and 6 =  4
T1i2 T i ,3 T i ,4 T1>5 T i ,6 T2i4 T2,5
0 0 0 0 0 0 1
0 0 0 0 0 1 1
0 0 0 1 1 0 0
0 0 0 1 1 1 0
0 0 1 0 1 0 0
0 0 1 0 1 1 0
0 0 1 1 0 0 1
0 0 1 1 0 1 1
0 1 0 0 1 0 1
0 1 0 0 1 1 1
0 1 0 1 0 0 0
0 1 0 1 0 1 0
0 1 1 0 0 0 0
0 1 1 0 0 1 0
0 1 1 1 1 0 1
0 1 1 1 1 1 1
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 1 1 0 1
1 0 0 1 1 1 1
1 0 1 0 1 0 1
1 0 1 0 1 1 1
1 0 1 1 0 0 0
1 0 1 1 0 1 0
1 1 0 0 1 0 0
1 1 0 0 1 1 0
1 1 0 1 0 0 1
1 1 0 1 0 1 1
1 1 1 0 0 0 1
1 1 1 0 0 1 1
1 1 1 1 1 0 0
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Table B.5. Possible M Q (S)  for n =  9 and b =  9
rri rri rri rri rri rri rri rri rri rri* 1,2 -L 1,3 -*1,4 *1,5 *1,6 -*1,7 -*2,4 * 2,5 -*2,6 ^3,6
1 0 0 0 0 0 1 1 0 1 0
2 0 0 0 0 0 1 1 1 0 0
3 0 0 0 0 1 0 1 0 0 1
4 0 0 0 0 1 0 1 1 1 1
5 0 0 0 1 0 0 0 0 0 0
6 0 0 0 1 0 0 0 1 1 0
7 0 0 0 1 1 1 0 0 1 1
8 0 0 0 1 1 1 0 1 0 1
9 0 0 1 0 0 0 1 0 0 1
10 0 0 1 0 0 0 1 1 1 1
11 0 0 1 0 1 1 1 0 1 0
12 0 0 1 0 1 1 1 1 0 0
13 0 0 1 1 0 1 0 0 1 1
14 0 0 1 1 0 1 0 1 0 1
15 0 0 1 1 1 0 0 0 0 0
16 0 0 1 1 1 0 0 1 1 0
17 0 1 0 0 0 0 1 0 1 0
18 0 1 0 0 0 0 1 1 0 0
19 0 1 0 0 1 1 1 0 0 1
20 0 1 0 0 1 1 1 1 1 1
21 0 1 0 1 0 1 0 0 0 0
22 0 1 0 1 0 1 0 1 1 0
23 0 1 0 1 1 0 0 0 1 1
24 0 1 0 1 1 0 0 1 0 1
25 0 1 1 0 0 1 1 0 0 1
26 0 1 1 0 0 1 1 1 1 1
27 0 1 1 0 1 0 1 0 1 0
28 0 1 1 0 1 0 1 1 0 0
29 0 1 1 1 0 0 0 0 1 1
30 0 1 1 1 0 0 0 1 0 1
31 0 1 1 1 1 1 0 0 0 0
32 0 1 1 1 1 1 0 1 1 0
33 1 0 0 0 0 1 0 0 0 1
34 1 0 0 0 0 1 0 1 1 1
35 1 0 0 0 1 0 0 0 1 0
36 1 0 0 0 1 0 0 1 0 0
37 1 0 0 1 0 0 1 0 1 1
38 1 0 0 1 0 0 1 1 0 1
39 1 0 0 1 1 1 1 0 0 0
table cont’d
167
T l ,2 ^1,3 Txa Tl,5 Tifi Ti,r ^2,4 ^2,5 ^2,6 ^3,6
40 1 0 0 1 1 1 1 1 1 0
41 1 0 1 0 0 0 0 0 1 0
42 1 0 1 0 0 0 0 1 0 0
43 1 0 1 0 1 1 0 0 0 1
44 1 0 1 0 1 1 0 1 1 1
45 1 0 1 1 0 1 1 0 0 0
46 1 0 1 1 0 1 1 1 1 0
47 1 0 1 1 1 0 1 0 1 1
48 1 0 1 1 1 0 1 1 0 1
49 1 1 0 0 0 0 0 0 0 1
50 1 1 0 0 0 0 0 1 1 1
51 1 1 0 0 1 1 0 0 1 0
52 1 1 0 0 1 1 0 1 0 0
53 1 1 0 1 0 1 1 0 1 1
54 1 1 0 1 0 1 1 1 0 1
55 1 1 0 1 1 0 1 0 0 0
56 1 1 0 1 1 0 1 1 1 0
57 1 1 1 0 0 1 0 0 1 0
58 1 1 1 0 0 1 0 1 0 0
59 1 1 1 0 1 0 0 0 0 1
60 1 1 1 0 1 0 0 1 1 1
61 1 1 1 1 0 0 1 0 0 0
62 1 1 1 1 0 0 1 1 1 0
63 1 1 1 1 1 1 1 0 1 1
64 1 1 1 1 1 1 1 1 0 1
In order for one of the above graphs to be realizable as a modified quotient 
graph, the quotient graph associated to it must yield an irreducible polynomial 
There are only three such irreducible polynomials. The modified quo­
tient graphs 3, 9, 16, and 31 yield the irreducible polynomial X 9 +  X 8 +  X 6 +  
X 5 +  X 4 -f- X  T  1. The modified quotient graphs 1, 7, 8, 18, 29, and 30 yield the 
irreducible polynomial X 9 +  X 8 +  X 6 +  X 3 +  1. The modified quotient graphs 









































Table B.6. Possible M Q (S)  for n =  10 and b — 1 or 2
m  T» 'T 1 'T 1 T 1 'T1 rrt rrt rrt rri rri rrt-*1,2 ^1,3 -*1,4 -*1,5 -*1,6 -*1,7 -*1,8 ^2,4 ^2,5 ^2,6 ~*2,7 ^3,6
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1 1 0 1 1
0 0 0 0 0 1 1 0 0 1 0 1
0 0 0 0 0 1 1 0 1 1 1 1
0 0 0 0 0 1 1 1 0 1 0 0
0 0 0 0 0 1 1 1 1 1 1 0
0 0 0 0 1 0 1 0 0 0 1 1
0 0 0 0 1 0 1 0 1 0 0 1
0 0 0 0 1 0 1 1 0 0 1 0
0 0 0 0 1 0 1 1 1 0 0 0
0 0 0 0 1 1 0 0 0 1 1 0
0 0 0 0 1 1 0 0 1 1 0 0
0 0 0 0 1 1 0 1 0 1 1 1
0 0 0 0 1 1 0 1 1 1 0 1
0 0 0 1 0 0 1 0 0 0 1 1
0 0 0 1 0 0 1 0 1 0 0 1
0 0 0 1 0 0 1 1 0 0 1 0
0 0 0 1 0 0 1 1 1 0 0 0
0 0 0 1 0 1 0 0 0 1 1 0
0 0 0 1 0 1 0 0 1 1 0 0
0 0 0 1 0 1 0 1 0 1 1 1
0 0 0 1 0 1 0 1 1 1 0 1
0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 1 0 1 0
0 0 0 1 1 0 0 1 0 0 0 1
0 0 0 1 1 0 0 1 1 0 1 1
0 0 0 1 1 1 1 0 0 1 0 1
0 0 0 1 1 1 1 0 1 1 1 1
0 0 0 1 1 1 1 1 0 1 0 0
0 0 0 1 1 1 1 1 1 1 1 0
0 0 1 0 0 0 1 0 0 1 0 1
0 0 1 0 0 0 1 0 1 1 1 1
0 0 1 0 0 0 1 1 0 1 0 0
0 0 1 0 0 0 1 1 1 1 1 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 1 0 1 0
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T i ,2 7\,3 7 M ?1,5 Tifi Tl,7 Tifi 72,4 72,5 7-2,6 72,7 73,6
80 : 0 1 0 0 1 1 1 1 1 1 0 1
81 : 0 1 0 1 0 0 0 0 0 0 1 1
82 : 0 1 0 1 0 0 0 0 1 0 0 1
83 : 0 1 0 1 0 0 0 1 0 0 1 0
84 : 0 1 0 1 0 0 0 1 1 0 0 0
85 : 0 1 0 1 0 1 1 0 0 1 1 0
86 : 0 1 0 1 0 1 1 0 1 1 0 0
87 : 0 1 0 1 0 1 1 1 0 1 1 1
88 : 0 1 0 1 0 1 1 1 1 1 0 1
89 : 0 1 0 1 1 0 1 0 0 0 0 0
90 : 0 1 0 1 1 0 0 1 0 1 0
91 : 0 1 0 1 1 0 1 1 0 0 0 1
92 : 0 1 0 1 1 0 1 1 1 0 1 1
93 : 0 1 0 1 1 1 0 0 0 1 0 1
94 : 0 1 0 1 1 1 0 0 1 1 1 1
95 : 0 1 0 1 1 1 0 1 0 1 0 0
96 : 0 1 0 1 1 1 0 1 1 1 1 0
97 : 0 1 1 0 0 0 0 0 0 1 0 1
98 : 0 1 1 0 0 0 0 0 1 1 1 1
99 : 0 1 1 0 0 0 0 1 0 1 0 0
100 : 0 1 1 0 0 0 0 1 1 1 1 0
101 : 0 1 1 0 0 1 1 0 0 0 0 0
102 : 0 1 1 0 0 1 1 0 1 0 1 0
103 : 0 1 1 0 0 1 1 1 0 0 0 1
104 : 0 1 1 0 0 1 1 1 1 0 1 1
105 : 0 1 1 0 1 0 1 0 0 1 1 0
106 : 0 1 1 0 1 0 1 0 1 1 0 0
107 : 0 1 1 0 1 0 1 1 0 1 1 1
108 : 0 1 1 0 1 0 1 1 1 1 0 1
109 : 0 1 1 0 1 1 0 0 0 0 1 1
110 : 0 1 1 0 1 1 0 0 1 0 0 1
111 : 0 1 1 0 1 1 0 1 0 0 1 0
112 : 0 1 1 0 1 1 0 1 1 0 0 0
113 : 0 1 1 1 0 0 1 0 0 1 1 0
114 : 0 1 1 1 0 0 1 0 1 1 0 0
115 : 0 1 1 1 0 0 1 1 0 1 1 1
116 : 0 1 1 1 0 0 1 1 1 1 0 1
117 : 0 1 1 1 0 1 0 0 0 0 1 1
118 : 0 1 1 1 0 1 0 0 1 0 0 1
119 : 0 1 1 1 0 1 0 1 0 0 1 0
table cont’d
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T i l Ti, 3 Tl,4 T i l T l ,6 Tl,7 Tifi ^2,4 T2 ,5 ^2,6 ^2,7 ^3,6
120 0 1 1 1 0 1 0 1 1 0 0 0
121 0 1 1 1 1 0 0 0 0 1 0 1
122 0 1 1 1 1 0 0 0 1 1 1 1
123 0 1 1 1 1 0 0 1 0 1 0 0
124 0 1 1 1 1 0 0 1 1 1 1 0
125 0 1 1 1 1 1 1 0 0 0 0 0
126 0 1 1 1 1 1 1 0 1 0 1 0
127 0 1 1 1 1 1 1 1 0 0 0 1
128 0 1 1 1 1 1 1 1 1 0 1 1
129 1 0 0 0 0 0 0 0 0 1 0 0
130 1 0 0 0 0 0 0 0 1 1 1 0
131 1 0 0 0 0 0 0 1 0 1 0 1
132 1 0 0 0 0 0 0 1 1 1 1 1
133 1 0 0 0 0 1 1 0 0 0 0 1
134 1 0 0 0 0 1 1 0 1 0 1 1
135 1 0 0 0 0 1 1 1 0 0 0 0
136 1 0 0 0 0 1 1 1 1 0 1 0
137 1 0 0 0 1 0 1 0 0 1 1 1
138 1 0 0 0 1 0 1 0 1 1 0 1
139 1 0 0 0 1 0 1 1 0 1 1 0
140 1 0 0 0 1 0 1 1 1 1 0 0
141 1 0 0 0 1 1 0 0 0 0 1 0
142 1 0 0 0 1 1 0 0 1 0 0 0
143 1 0 0 0 1 1 0 1 0 0 1 1
144 1 0 0 0 1 1 0 1 1 0 0 1
145 1 0 0 1 0 0 1 0 0 1 1 1
146 1 0 0 1 0 0 1 0 1 1 0 1
147 1 0 0 1 0 0 1 1 0 1 1 0
148 1 0 0 1 0 0 1 1 1 1 0 0
149 1 0 0 1 0 1 0 0 0 0 1 0
150 1 0 0 1 0 1 0 0 1 0 0 0
151 1 0 0 1 0 1 0 1 0 0 1 1
152 1 0 0 1 0 1 0 1 1 0 0 1
153 1 0 0 1 1 0 0 0 0 1 0 0
154 1 0 0 1 1 0 0 0 1 1 1 0
155 1 0 0 1 1 0 0 1 0 1 0 1
156 1 0 0 1 1 0 0 1 1 1 1 1
157 1 0 0 1 1 1 1 0 0 0 0 1
158 1 0 0 1 1 1 1 0 1 0 1 1
159 1 0 0 1 1 1 1 1 0 0 0 0
table cont’d
172
T \ , 2  T i)3 Txa Tifi Tifi Tl,7 Tifi T2 ,4 T2,5 ^2,6 ^2,7 ^3,6
160 1 0 0 1 1 1 1 1 1 0 1 0
161 1 0 1 0 0 0 1 0 0 0 0 1
162 1 0 1 0 0 0 1 0 1 0 1 1
163 1 0 1 0 0 0 1 1 0 0 0 0
164 1 0 1 0 0 0 1 1 1 0 1 0
165 1 0 1 0 0 1 0 0 0 1 0 0
166 1 0 1 0 0 1 0 0 1 1 1 0
167 1 0 1 0 0 1 0 1 0 1 0 1
168 1 0 1 0 0 1 0 1 1 1 1 1
169 1 0 1 0 1 0 0 0 0 0 1 0
170 1 0 1 0 1 0 0 0 1 0 0 0
171 1 0 1 0 1 0 0 1 0 0 1 1
172 1 0 1 0 1 0 0 1 1 0 0 1
173 1 0 1 0 1 1 1 0 0 1 1 1
174 1 0 1 0 1 1 1 0 1 1 0 1
175 1 0 1 0 1 1 1 1 0 1 1 0
176 1 0 1 0 1 1 1 1 1 1 0 0
177 1 0 1 1 0 0 0 0 0 0 1 0
178 1 0 1 1 0 0 0 0 1 0 0 0
179 1 0 1 1 0 0 0 1 0 0 1 1
180 1 0 1 1 0 0 0 1 1 0 0 1
181 1 0 1 1 0 1 1 0 0 1 1 1
182 1 0 1 1 0 1 1 0 1 1 0 1
183 1 0 1 1 0 1 1 1 0 1 1 0
184 1 0 1 1 0 1 1 1 1 1 0 0
185 1 0 1 1 1 0 1 0 0 0 0 1
186 1 0 1 1 1 0 1 0 1 0 1 1
187 1 0 1 1 1 0 1 1 0 0 0 0
188 1 0 1 1 1 0 1 1 1 0 1 0
189 1 0 1 1 1 1 0 0 0 1 0 0
190 1 0 1 1 1 1 0 0 1 1 1 0
191 1 0 1 1 1 1 0 1 0 1 0 1
192 1 0 1 1 1 1 0 1 1 1 1 1
193 1 1 0 0 0 0 1 0 0 1 0 0
194 1 1 0 0 0 0 1 0 1 1 1 0
195 1 1 0 0 0 0 1 1 0 1 0 1
196 1 1 0 0 0 0 1 1 1 1 1 1
197 1 1 0 0 0 1 0 0 0 0 0 1
198 1 1 0 0 0 1 0 0 1 0 1 1
199 1 1 0 0 0 1 0 1 0 0 0 0
table cont’d
173
Ti ,2 Tlt 3 r M T i t Tifi Ti,r Tifi 22,4 T2,5 ^2,6 ^2,7 23,6
200 1 1 0 0 0 1 0 1 1 0 1 0
201 1 1 0 0 1 0 0 0 0 1 1 1
202 1 1 0 0 1 0 0 0 1 1 0 1
203 1 1 0 0 1 0 0 1 0 1 1 0
204 1 1 0 0 1 0 0 1 1 1 0 0
205 1 1 0 0 1 1 1 0 0 0 1 0
206 1 1 0 0 1 1 1 0 1 0 0 0
207 1 1 0 0 1 1 1 1 0 0 1 1
208 1 1 0 0 1 1 1 1 1 0 0 1
209 1 1 0 1 0 0 0 0 0 1 1 1
210 1 1 0 1 0 0 0 0 1 1 0 1
211 1 1 0 1 0 0 0 1 0 1 1 0
212 1 1 0 1 0 0 0 1 1 1 0 0
213 1 1 0 1 0 1 1 0 0 0 1 0
214 1 1 0 1 0 1 1 0 1 0 0 0
215 1 1 0 1 0 1 1 1 0 0 1 1
216 1 1 0 1 0 1 1 1 1 0 0 1
217 1 1 0 1 1 0 1 0 0 1 0 0
218 1 1 0 1 1 0 1 0 1 1 1 0
219 1 1 0 1 1 0 1 1 0 1 0 1
220 1 1 0 1 1 0 1 1 1 1 1 1
221 1 1 0 1 1 1 0 0 0 0 0 1
222 1 1 0 1 1 1 0 0 1 0 1 1
223 1 1 0 1 1 1 0 1 0 0 0 0
224 1 1 0 1 1 1 0 1 1 0 1 0
225 1 1 1 0 0 0 0 0 0 0 0 1
226 1 1 1 0 0 0 0 0 1 0 1 1
227 1 1 1 0 0 0 0 1 0 0 0 0
228 1 1 1 0 0 0 0 1 1 0 1 0
229 1 1 1 0 0 1 1 0 0 1 0 0
230 1 1 1 0 0 1 1 0 1 1 1 0
231 1 1 1 0 0 1 1 1 0 1 0 1
232 1 1 1 0 0 1 1 1 1 1 1 1
233 1 1 1 0 1 0 1 0 0 0 1 0
234 1 1 1 0 1 0 1 0 1 0 0 0
235 1 1 1 0 1 0 1 1 0 0 1 1
236 1 1 1 0 1 0 1 1 1 0 0 1
237 1 1 1 0 1 1 0 0 0 1 1 1
238 1 1 1 0 1 1 0 0 1 1 0 1




































rrt rrt rrt rrt rrt rrt rrt rrt rri rrt rrt-* 1,2 -11,3 -*1,4 J 1,5 1 1,6 -*1,7 -*1,8 -*2,4 -*2,5 -*2,6 -*2,7
1 1 1 0  1 1 0 1 1 1 0
1 1 1 1 0 0 1 0 0 0 1
1 1 1 1 0 0 1 0 1 0 0
1 1 1 1 0 0 1 1 0 0 1
1 1 1 1 0 0 1 1 1 0 0
1 1 1 1 0 1 0 0 0 1 1
1 1 1 1 0 1 0 0 1 1 0
1 1 1 1 0 1 0 1 0 1 1
1 1 1 1 0 1 0 1 1 1 0
1 1 1 1 1 0 0 0 0 0 0
1 1 1 1 1 0 0 0 1 0 1
1 1 1 1 1 0 0 1 0 0 0
1 1 1 1 1 0 0 1 1 0 1
1 1 1 1 1 1 1 0 0 1 0
1 1 1 1 1 1 1 0 1 1 1
1 1 1 1 1 1 1 1 0 1 0
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T l ,2 Tifi T ia Tifi Tifi Tl,7 Tifi T2,4 ^2,5 ^2,6 ^2,7 23,6
0 1 1 1 0 1 0 1 1 1 0 0
0 1 1 1 1 0 0 0 0 0 0 1
0 1 1 1 1 0 0 0 1 0 1 1
0 1 1 1 1 0 0 1 0 0 0 0
0 1 1 1 1 0 0 1 1 0 1 0
0 1 1 1 1 1 1 0 0 1 0 0
0 1 1 1 1 1 1 0 1 1 1 0
0 1 1 1 1 1 1 1 0 1 0 1
0 1 1 1 1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 1 1 0 1 1
1 0 0 0 0 1 1 0 0 1 0 1
1 0 0 0 0 1 1 0 1 1 1 1
1 0 0 0 0 1 1 1 0 1 0 0
1 0 0 0 0 1 1 1 1 1 1 0
1 0 0 0 1 0 1 0 0 0 1 1
1 0 0 0 1 0 1 0 1 0 0 1
1 0 0 0 1 0 1 1 0 0 1 0
1 0 0 0 1 0 1 1 1 0 0 0
1 0 0 0 1 1 0 0 0 1 1 0
1 0 0 0 1 1 0 0 1 1 0 0
1 0 0 0 1 1 0 1 0 1 1 1
1 0 0 0 1 1 0 1 1 1 0 1
1 0 0 1 0 0 1 0 0 0 1 1
1 0 0 1 0 0 1 0 1 0 0 1
1 0 0 1 0 0 1 1 0 0 1 0
1 0 0 1 0 0 1 1 1 0 0 0
1 0 0 1 0 1 0 0 0 1 1 0
1 0 0 1 0 1 0 0 1 1 0 0
1 0 0 1 0 1 0 1 0 1 1 1
1 0 0 1 0 1 0 1 1 1 0 1
1 0 0 1 1 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0 1 0 1 0
1 0 0 1 1 0 0 1 0 0 0 1
1 0 0 1 1 0 0 1 1 0 1 1
1 0 0 1 1 1 1 0 0 1 0 1
1 0 0 1 1 1 1 0 1 1 1 1
1 0 0 1 1 1 1 1 0 1 0 0
table cont’d
179
Tifi Tifi Tifi Tifi Tifi T i t Tifi 22,4 22,5 22,6 22,7 23,6
160 1 0 0 1 1 1 1 1 1 1 1 0
161 1 0 1 0 0 0 1 0 0 1 0 1
162 1 0 1 0 0 0 1 0 1 1 1 1
163 1 0 1 0 0 0 1 1 0 1 0 0
164 1 0 1 0 0 0 1 1 1 1 1 0
165 1 0 1 0 0 1 0 0 0 0 0 0
166 1 0 1 0 0 1 0 0 1 0 1 0
167 1 0 1 0 0 1 0 1 0 0 0 1
168 1 0 1 0 0 1 0 1 1 0 1 1
169 1 0 1 0 1 0 0 0 0 1 1 0
170 1 0 1 0 1 0 0 0 1 1 0 0
171 1 0 1 0 1 0 0 1 0 1 1 1
172 1 0 1 0 1 0 0 1 1 1 0 1
173 1 0 1 0 1 1 1 0 0 0 1 1
174 1 0 1 0 1 1 1 0 1 0 0 1
175 1 0 1 0 1 1 1 1 0 0 1 0
176 1 0 1 0 1 1 1 1 1 0 0 0
177 1 0 1 1 0 0 0 0 0 1 1 0
178 1 0 1 1 0 0 0 0 1 1 0 0
179 1 0 1 1 0 0 0 1 0 1 1 1
180 1 0 1 1 0 0 0 1 1 1 0 1
181 1 0 1 1 0 1 1 0 0 0 1 1
182 1 0 1 1 0 1 1 0 1 0 0 1
183 1 0 1 1 0 1 1 1 0 0 1 0
184 1 0 1 1 0 1 1 1 1 0 0 0
185 1 0 1 1 1 0 1 0 0 1 0 1
186 1 0 1 1 1 0 1 0 1 1 1 1
187 1 0 1 1 1 0 1 1 0 1 0 0
188 1 0 1 1 1 0 1 1 1 1 1 0
189 1 0 1 1 1 1 0 0 0 0 0 0
190 1 0 1 1 1 1 0 0 1 0 1 0
191 1 0 1 1 1 1 0 1 0 0 0 1
192 1 0 1 1 1 1 0 1 1 0 1 1
193 1 1 0 0 0 0 1 0 0 0 0 0
194 1 1 0 0 0 0 1 0 1 0 1 0
195 1 1 0 0 0 0 1 1 0 0 0 1
196 1 1 0 0 0 0 1 1 1 0 1 1
197 1 1 0 0 0 1 0 0 0 1 0 1
198 1 1 0 0 0 1 0 0 1 1 1 1
199 1 1 0 0 0 1 0 1 0 1 0 0
table cont’d
180
2 i,2 T i j  T i54 Tifi 7l,6 Tl,7 Tifi ^2,4 T2) 5 ^2,6 22,7 23,6
200 1 1 0 0 0 1 0 1 1 1 1 0
201 1 1 0 0 1 0 0 0 0 0 1 1
202 1 1 0 0 1 0 0 0 1 0 0 1
203 1 1 0 0 1 0 0 1 0 0 1 0
204 1 1 0 0 1 0 0 1 1 0 0 0
205 1 1 0 0 1 1 1 0 0 1 1 0
206 1 1 0 0 1 1 1 0 1 1 0 0
207 1 1 0 0 1 1 1 1 0 1 1 1
208 1 1 0 0 1 1 1 1 1 1 0 1
209 1 1 0 1 0 0 0 0 0 0 1 1
210 1 1 0 1 0 0 0 0 1 0 0 1
211 1 1 0 1 0 0 0 1 0 0 1 0
212 1 1 0 1 0 0 0 1 1 0 0 0
213 1 1 0 1 0 1 1 0 0 1 1 0
214 1 1 0 1 0 1 1 0 1 1 0 0
215 1 1 0 1 0 1 1 1 0 1 1 1
216 1 1 0 1 0 1 1 1 1 1 0 1
217 1 1 0 1 1 0 1 0 0 0 0 0
218 1 1 0 1 1 0 1 0 1 0 1 0
219 1 1 0 1 1 0 1 1 0 0 0 1
220 1 1 0 1 1 0 1 1 1 0 1 1
221 1 1 0 1 1 1 0 0 0 1 0 1
222 1 1 0 1 1 1 0 0 1 1 1 1
223 1 1 0 1 1 1 0 1 0 1 0 0
224 1 1 0 1 1 1 0 1 1 1 1 0
225 1 1 1 0 0 0 0 0 0 1 0 1
226 1 1 1 0 0 0 0 0 1 1 1 1
227 1 1 1 0 0 0 0 1 0 1 0 0
228 1 1 1 0 0 0 0 1 1 1 1 0
229 1 1 1 0 0 1 1 0 0 0 0 0
230 1 1 1 0 0 1 1 0 1 0 1 0
231 1 1 1 0 0 1 1 1 0 0 0 1
232 1 1 1 0 0 1 1 1 1 0 1 1
233 1 1 1 0 1 0 1 0 0 1 1 0
234 1 1 1 0 1 0 1 0 1 1 0 0
235 1 1 1 0 1 0 1 1 0 1 1 1
236 1 1 1 0 1 0 1 1 1 1 0 1
237 1 1 1 0 1 1 0 0 0 0 1 1
238 1 1 1 0 1 1 0 0 1 0 0 1
239 1 1 1 0 1 1 0 1 0 0 1 0
table cont’d
181
Tifi Tifi Ti,4 ^1,5 Tifi Tifi Tifi ^2,4 ^2,5 ^2,6 ^2,7 ^3,6
240 1 1 1 0 1 1 0 1 1 0 0 0
241 1 1 1 1 0 0 1 0 0 1 1 0
242 1 1 1 1 0 0 1 0 1 1 0 0
243 1 1 1 1 0 0 1 1 0 1 1 1
244 1 1 1 1 0 0 1 1 1 1 0 1
245 1 1 1 1 0 1 0 0 0 0 1 1
246 1 1 1 1 0 1 0 0 1 0 0 1
247 1 1 1 1 0 1 0 1 0 0 1 0
248 1 1 1 1 0 1 0 1 1 0 0 0
249 1 1 1 1 1 0 0 0 0 1 0 1
250 1 1 1 1 1 0 0 0 1 1 1 1
251 1 1 1 1 1 0 0 1 0 1 0 0
252 1 1 1 1 1 0 0 1 1 1 1 0
253 1 1 1 1 1 1 1 0 0 0 0 0
254 1 1 1 1 1 1 1 0 1 0 1 0
255 1 1 1 1 1 1 1 1 0 0 0 1










































Table B.8. Possible M Q (S ) for n =  10 and b =  10
rri rrt rri rrt rrt rrt rrt rrt rrt rrt rrt-L 1,3 -11,4 1,5 -1 1,6 1,7 -11,8 J- 2,4 -12,5 -12,6 -12,7 -1-3,6
0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 1 0 0 1 1
0 0 0 0 0 1 1 1 0 0 1
0 0 0 0 1 0 0 0 1 1 1
0 0 0 0 1 0 0 1 1 0 1
0 0 0 0 1 0 1 0 1 1 0
0 0 0 0 1 0 1 1 1 0 0
0 0 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 0 1 0 1 1
0 0 0 1 0 0 1 0 0 0 0
0 0 0 1 0 0 1 1 0 1 0
0 0 0 1 1 1 0 0 1 0 0
0 0 0 1 1 1 0 1 1 1 0
0 0 0 1 1 1 1 0 1 0 1
0 0 0 1 1 1 1 1 1 1 1
0 0 1 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 0 1 1
0 0 1 0 0 0 1 0 0 0 0
0 0 1 0 0 0 1 1 0 1 0
0 0 1 0 1 1 0 0 1 0 0
0 0 1 0 1 1 0 1 1 1 0
0 0 1 0 1 1 1 0 1 0 1
0 0 1 0 1 1 1 1 1 1 1
0 0 1 1 0 1 0 0 0 1 0
0 0 1 1 0 1 0 1 0 0 0
0 0 1 1 0 1 1 0 0 1 1
0 0 1 1 0 1 1 1 0 0 1
0 0 1 1 1 0 0 0 1 1 1
0 0 1 1 1 0 0 1 1 0 1
0 0 1 1 1 0 1 0 1 1 0
0 0 1 1 1 0 1 1 1 0 0
0 1 0 0 0 0 0 0 1 1 1
0 1 0 0 0 0 0 1 1 0 1
0 1 0 0 0 0 1 0 1 1 0
0 1 0 0 0 0 1 1 1 0 0
0 1 0 0 1 1 0 0 0 1 0
0 1 0 0 1 1 0 1 0 0 0
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Ti ,2 Ti ,3 Tifi Tifi Tifi Tl,7 Tifi T2,4 ^2,5 ^2,6 ^2,7 Th.e
80 : 0 1 0 0 1 1 0 1 1 1 1 1
81 : 0 1 0 1 0 0 1 0 0 0 0 1
82 : 0 1 0 1 0 0 1 0 1 0 1 1
83 : 0 1 0 1 0 0 1 1 0 0 0 0
84 : 0 1 0 1 0 0 1 1 1 0 1 0
85 : 0 1 0 1 0 1 0 0 0 1 0 0
86 : 0 1 0 1 0 1 0 0 1 1 1 0
87 : 0 1 0 1 0 1 0 1 0 1 0 1
88 : 0 1 0 1 0 1 0 1 1 1 1 1
89 : 0 1 0 1 1 0 0 0 0 0 1 0
90 : 0 1 0 1 1 0 0 0 1 0 0 0
91 : 0 1 0 1 1 0 0 1 0 0 1 1
92 : 0 1 0 1 1 0 0 1 1 0 0 1
93 : 0 1 0 1 1 1 1 0 0 1 1 1
94 : 0 1 0 1 1 1 1 0 1 1 0 1
95 : 0 1 0 1 1 1 1 1 0 1 1 0
96 : 0 1 0 1 1 1 1 1 1 1 0 0
97 : 0 1 1 0 0 0 1 0 0 1 1 1
98 : 0 1 1 0 0 0 1 0 1 1 0 1
99 : 0 1 1 0 0 0 1 1 0 1 1 0
100 : 0 1 1 0 0 0 1 1 1 1 0 0
101 : 0 1 1 0 0 1 0 0 0 0 1 0
102 : 0 1 1 0 0 1 0 0 1 0 0 0
103 : 0 1 1 0 0 1 0 1 0 0 1 1
104 : 0 1 1 0 0 1 0 1 1 0 0 1
105 : 0 1 1 0 1 0 0 0 0 1 0 0
106 : 0 1 1 0 1 0 0 0 1 1 1 0
107 : 0 1 1 0 1 0 0 1 0 1 0 1
108 : 0 1 1 0 1 0 0 1 1 1 1 1
109 : 0 1 1 0 1 1 1 0 0 0 0 1
110 : 0 1 1 0 1 1 1 0 1 0 1 1
111 : 0 1 1 0 1 1 1 1 0 0 0 0
112 : 0 1 1 0 1 1 1 1 1 0 1 0
113 : 0 1 1 1 0 0 0 0 0 1 0 0
114 : 0 1 1 1 0 0 0 0 1 1 1 0
115 : 0 1 1 1 0 0 0 1 0 1 0 1
116 : 0 1 1 1 0 0 0 1 1 1 1 1
117 : 0 1 1 1 0 1 1 0 0 0 0 1
118 : 0 1 1 1 0 1 1 0 1 0 1 1
119 : 0 1 1 1 0 1 1 1 0 0 0 0
table cont’d
185
Tl,2 Tl,3 Tia Tl,5 Tifi Tl,7 Tx,s ^2,4 ?2,5 ^2,6 ^2,7 ^3,6
120 0 1 1 1 0 1 1 1 1 0 1 0
121 0 1 1 1 1 0 1 0 0 1 1 1
122 0 1 1 1 1 0 1 0 1 1 0 1
123 0 1 1 1 1 0 1 1 0 1 1 0
124 0 1 1 1 1 0 1 1 1 1 0 0
125 0 1 1 1 1 1 0 0 0 0 1 0
126 0 1 1 1 1 1 0 0 1 0 0 0
127 0 1 1 1 1 1 0 1 0 0 1 1
128 0 1 1 1 1 1 0 1 1 0 0 1
129 1 0 0 0 0 0 1 0 0 1 1 0
130 1 0 0 0 0 0 1 0 1 1 0 0
131 1 0 0 0 0 0 1 1 0 1 1 1
132 1 0 0 0 0 0 1 1 1 1 0 1
133 1 0 0 0 0 1 0 0 0 0 1 1
134 1 0 0 0 0 1 0 0 1 0 0 1
135 1 0 0 0 0 1 0 1 0 0 1 0
136 1 0 0 0 0 1 0 1 1 0 0 0
137 1 0 0 0 1 0 0 0 0 1 0 1
138 1 0 0 0 1 0 0 0 1 1 1 1
139 1 0 0 0 1 0 0 1 0 1 0 0
140 1 0 0 0 1 0 0 1 1 1 1 0
141 1 0 0 0 1 1 1 0 0 0 0 0
142 1 0 0 0 1 1 1 0 1 0 1 0
143 1 0 0 0 1 1 1 1 0 0 0 1
144 1 0 0 0 1 1 1 1 1 0 1 1
145 1 0 0 1 0 0 0 0 0 1 0 1
146 1 0 0 1 0 0 0 0 1 1 1 1
147 1 0 0 1 0 0 0 1 0 1 0 0
148 1 0 0 1 0 0 0 1 1 1 1 0
149 1 0 0 1 0 1 1 0 0 0 0 0
150 1 0 0 1 0 1 1 0 1 0 1 0
151 1 0 0 1 0 1 1 1 0 0 0 1
152 1 0 0 1 0 1 1 1 1 0 1 1
153 1 0 0 1 1 0 1 0 0 1 1 0
154 1 0 0 1 1 0 1 0 1 1 0 0
155 1 0 0 1 1 0 1 1 0 1 1 1
156 1 0 0 1 1 0 1 1 1 1 0 1
157 1 0 0 1 1 1 0 0 0 0 1 1
158 1 0 0 1 1 1 0 0 1 0 0 1
159 1 0 0 1 1 1 0 1 0 0 1 0
table cont’d
186
Ti ,2 3 \ >3 Tifi Tifi Tifi T i j Tifi ^2,4 ^2,5 ^2,6 ^2,7 T3,6
160 1 0 0 1 1 1 0 1 1 0 0 0
161 1 0 1 0 0 0 0 0 0 0 1 1
162 1 0 1 0 0 0 0 0 1 0 0 1
163 1 0 1 0 0 0 0 1 0 0 1 0
164 1 0 1 0 0 0 0 1 1 0 0 0
165 1 0 1 0 0 1 1 0 0 1 1 0
166 1 0 1 0 0 1 1 0 1 1 0 0
167 1 0 1 0 0 1 1 1 0 1 1 1
168 1 0 1 0 0 1 1 1 1 1 0 1
169 1 0 1 0 1 0 1 0 0 0 0 0
170 1 0 1 0 1 0 1 0 1 0 1 0
171 1 0 1 0 1 0 1 1 0 0 0 1
172 1 0 1 0 1 0 1 1 1 0 1 1
173 1 0 1 0 1 1 0 0 0 1 0 1
174 1 0 1 0 1 1 0 0 1 1 1 1
175 1 0 1 0 1 1 0 1 0 1 0 0
176 1 0 1 0 1 1 0 1 1 1 1 0
177 1 0 1 1 0 0 1 0 0 0 0 0
178 1 0 1 1 0 0 1 0 1 0 1 0
179 1 0 1 1 0 0 1 1 0 0 0 1
180 1 0 1 1 0 0 1 1 1 0 1 1
181 1 0 1 1 0 1 0 0 0 1 0 1
182 1 0 1 1 0 1 0 0 1 1 1 1
183 1 0 1 1 0 1 0 1 0 1 0 0
184 1 0 1 1 0 1 0 1 1 1 1 0
185 1 0 1 1 1 0 0 0 0 0 1 1
186 1 0 1 1 1 0 0 0 1 0 0 1
187 1 0 1 1 1 0 0 1 0 0 1 0
188 1 0 1 1 1 0 0 1 1 0 0 0
189 1 0 1 1 1 1 1 0 0 1 1 0
190 1 0 1 1 1 1 1 0 1 1 0 0
191 1 0 1 1 1 1 1 1 0 1 1 1
192 1 0 1 1 1 1 1 1 1 1 0 1
193 1 1 0 0 0 0 0 0 0 1 1 0
194 1 1 0 0 0 0 0 0 1 1 0 0
195 1 1 0 0 0 0 0 1 0 1 1 1
196 1 1 0 0 0 0 0 1 1 1 0 1
197 1 1 0 0 0 1 1 0 0 0 1 1
198 1 1 0 0 0 1 1 0 1 0 0 1











































5 l,2  ^1,3 ^1,4 5 l ,5 Tifi Tifi Tifi 52,4 52,5 CD
E? 52,7 53,6
1 1 0 0 0 1 1 1 1 0 0 0
1 1 0 0 1 0 1 0 0 1 0 1
1 1 0 0 1 0 1 0 1 1 1 1
1 1 0 0 1 0 1 1 0 1 0 0
1 1 0 0 1 0 1 1 1 1 1 0
1 1 0 0 1 1 0 0 0 0 0 0
1 1 0 0 1 1 0 0 1 0 1 0
1 1 0 0 1 1 0 1 0 0 0 1
1 1 0 0 1 1 0 1 1 0 1 1
1 1 0 1 0 0 1 0 0 1 0 1
1 1 0 1 0 0 1 0 1 1 1 1
1 1 0 1 0 0 1 1 0 1 0 0
1 1 0 1 0 0 1 1 1 1 1 0
1 1 0 1 0 1 0 0 0 0 0 0
1 1 0 1 0 1 0 0 1 0 1 0
1 1 0 1 0 1 0 1 0 0 0 1
1 1 0 1 0 1 0 1 1 0 1 1
1 1 0 1 1 0 0 0 0 1 1 0
1 1 0 1 1 0 0 0 1 1 0 0
1 1 0 1 1 0 0 1 0 1 1 1
1 1 0 1 1 0 0 1 1 1 0 1
1 1 0 1 1 1 1 0 0 0 1 1
1 1 0 1 1 1 1 0 1 0 0 1
1 1 0 1 1 1 1 1 0 0 1 0
1 1 0 1 1 1 1 1 1 0 0 0
1 1 1 0 0 0 1 0 0 0 1 1
1 1 1 0 0 0 1 0 1 0 0 1
1 1 1 0 0 0 1 1 0 0 1 0
1 1 1 0 0 0 1 1 1 0 0 0
1 1 1 0 0 1 0 0 0 1 1 0
1 1 1 0 0 1 0 0 1 1 0 0
1 1 1 0 0 1 0 1 0 1 1 1
1 1 1 0 0 1 0 1 1 1 0 1
1 1 1 0 1 0 0 0 0 0 0 0
1 1 1 0 1 0 0 0 1 0 1 0
1 1 1 0 1 0 0 1 0 0 0 1
1 1 1 0 1 0 0 1 1 0 1 1
1 1 1 0 1 1 1 0 0 1 0 1
1 1 1 0 1 1 1 0 1 1 1 1
1 1 1 0 1 1 1 1 0 1 0 0
table cont’d
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7 l,2  T i ,3 T \ t4 T i£ T ifi T ifi 7 l,8 7-2,4 72,5 72,6 72,7 73,6
240 1 1 1 0 1 1 1 1 1 1 1 0
241 1 1 1 1 0 0 0 0 0 0 0 0
242 1 1 1 1 0 0 0 0 1 0 1 0
243 1 1 1 1 0 0 0 1 0 0 0 1
244 1 1 1 1 0 0 0 1 1 0 1 1
245 1 1 1 1 0 1 1 0 0 1 0 1
246 1 1 1 1 0 1 1 0 1 1 1 1
247 1 1 1 1 0 1 1 1 0 1 0 0
248 1 1 1 1 0 1 1 1 1 1 1 0
249 1 1 1 1 1 0 1 0 0 0 1 1
250 1 1 1 1 1 0 1 0 1 0 0 1
251 1 1 1 1 1 0 1 1 0 0 1 0
252 1 1 1 1 1 0 1 1 1 0 0 0
253 1 1 1 1 1 1 0 0 0 1 1 0
254 1 1 1 1 1 1 0 0 1 1 0 0
255 1 1 1 1 1 1 0 1 0 1 1 1
256 1 1 1 1 1 1 0 1 1 1 0 1
In order for one of the above graphs to be realizable as a modified quotient 
graph, the quotient graph associated to it must yield an irreducible polynomial 
olm{X).  There are only six such irreducible polynomials. The modified quotient 
graphs 174, 176, 182, and 184 yield the irreducible polynomial X 10 +  X 9 +  X 8 +  
X 5 +  X 4 +  X 3 +  1. The modified quotient graphs 170, 171, 200, 214, 215, and 
227 yield the irreducible polynomial X 10 +  X 9 +  X 8 +  X 6 +  X 3 +  X 2 +  1. The 
modified quotient graphs 150, 178, 206, and 234 yield the irreducible polynomial 
X 10 +  X 9 +  X 8 +  X 6 +  X 4 +  X 2 +  1. The modified quotient graphs 73, 75, 
81,and 83 yield the irreducible polynomial X 10 +  X 9 +  X 8 +  X 5 +  X 3 +  X  +  1. 
The modified quotient graphs 30, 42, 43, 57, 86, and 87 yield the irreducible 
polynomial X 10 + X 9 + X 8 + X 6 + X 4 +  X 3 +1 . The modified quotient graphs 23, 
51, 79, and 107 yield the irreducible polynomial X 10+ X 9+ X 8+ X 6+ X 2+ X 1 +  l.
VITA
Leigh Ann Myers was born in Shreveport, Louisiana on April 28, 1967. She 
graduated from the Louisiana School for Math, Science, and the Arts, a public 
residential high school, in May 1985. She received a Bachelor of Science in Math­
ematics Education from Northwestern State University (Louisiana) in May 1988. 
She then attended the University of Southern Mississippi, receiving a Master of 
Science in Mathematics in December 1989. After spending a semester teaching 
mathematics at a high school near her home in DeSoto Parish, she began further 
study at Louisiana State University in August 1990, and is presently a candidate 
for the doctoral degree in mathematics at LSU.
189
DOCTORAL EXAMINATION AND DISSERTATION REPORT
Candidate: Leigh Ann Myers 
Major Field: Mathematics
Title of Dissertation: Graphs in Number Theory
Approved:
Major Professor and Chairman
EXAMINING COMMITTEE:
Date of Examination:
A p r i l  5 ,  199A
